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Nonlinear acoustic techniques have been used to determine the nonlinear properties of materials. Existing methods either require complex equipment to measure
absolute nonlinear coefficients or can only be used on laboratory-sized specimens. A
recently developed thermal modulation method addresses the limitations of existing
methods, but further theoretical analysis and validation are required.
In this dissertation, theoretical analyses were first conducted to study the mechanically and thermally induced acoustoelastic effect. Beginning with the wave equation,
the relationship of the ultrasonic wave velocity with respect to mechanical strain and
the thermal strain was derived in detail. These analyses provided theoretical support
for subsequent validation experiments and applications.
Mechanical and thermal modulation tests on aluminum and concrete were performed to validate the theory of thermally induced acoustoelasticity. The stretching
technique was applied in calculating ultrasonic wave velocity changes, helping reach
a high resolution and accuracy in measuring small wave velocity changes. Acoustoelastic coefficients obtained from the mechanical and thermal modulation methods
showed good agreement. Owing to the simple test setup and high measurement sensitivity, the thermal modulation test is a potential experimental method to determine
absolute acoustic nonlinearity parameters.
The thermal modulation method was then applied to evaluating nonlinear pa-

rameters in different materials, and the values were consistent with those from the
literature. In addition, the acoustoelastic coefficient, obtained using the thermal modulation method, was used to evaluate stress change in a full-scale prestressed concrete
girder. The predicted stress change was verified by direct strain measurement.
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Chapter 1

INTRODUCTION AND LITERATURE REVIEW

1.1

Research background

Nonlinear parameters play an important role in material characterization. In engineering applications, nonlinear parameters have been used to evaluate the applied
or residual stress based on the theory of acoustoelasticity [1, 2]. Another application
exploits the high sensitivity of nonlinear parameters in the evolution of accumulated
damage or degradation and detection of early-age micro-structural defects in materials [3, 4].
In recent years, nonlinear acoustic techniques have attracted considerable attention in nondestructive evaluation (NDE) owing to their high sensitivity to microscopic
defects that often remain hidden from linear techniques [3, 5]. In particular, for a
one-dimensional longitudinal wave (P wave) propagating in an isotropic material, the
nonlinearity parameter β can be expressed as β = −3−(2l+4m)/(λ+2µ) [6], where λ
and µ are second-order elastic constants, l and m are third-order elastic constants. In
addition to being an indicator of micro-damage, β, together with elastic modulus, E,
can also be used to calculate the acoustoelastic coefficient, A = − Eβ . The acoustoelastic coefficient A relates the relative wave velocity change
σ by

∆V
V

∆V
V

to the applied stress

= Aσ [7]. In most studies, nonlinear parameters are typically measured as

2
relative values since measuring the absolute values requires tedious calibration of the
testing system and transducers, and the measurement of the absolute displacement
amplitudes of ultrasonic waves and strains [3, 4, 8].
Recently, Sun and Zhu [9] proposed using temperature change to excite the nonlinear behaviors of material and using the ultrasonic wave velocity change as an indicator
of nonlinear properties. They named this method thermal modulation of nonlinear
ultrasonic wave test. Compared to other nonlinear methods [3], the experimental
setup of the thermal modulation test is much simpler and can easily produce large
and uniform strains in elastic media. In addition, thermally induced wave velocity
changes are larger than mechanical strain-induced velocity changes, so the velocity
changes can be measured with less error. This method is naturally immune from a
thermal effect since temperature variation is no longer an undesired influencing factor
in tests.
In the study of Sun and Zhu [9], the absolute nonlinear parameters α, β, and δ
were extracted using the relation between relative wave velocity changes and thermal strains. However, the obtained nonlinear parameters were much larger than the
reported values in other studies in which mechanical strains were used to excite nonlinearity in a medium. One possible reason is that temperature and mechanical strain
affect wave velocities differently. A comprehensive theoretical analysis is necessary to
fully understand the effects of temperature and mechanical strain on wave velocities.

1.2

Objectives

This dissertation presents a detailed analytical analysis and experimental validation
using thermal modulation techniques to extract nonlinear parameters. The objectives
of this dissertation are listed below.

3
1. Theoretical study of the acoustoelastic effect in hyperelastic materials. Before
investigating the thermally induced ultrasonic wave velocity changes in a material, the acoustoelasticity will be studied and understood first. Starting from
the equation of wave motion, the equations for ultrasonic wave velocity changes
due to mechanical strain will be presented in detail.
2. Extension of the theory of acoustoelasticity to include thermal effects. With
a solid understanding of the theory of acoustoelasticity, the thermally induced
acoustoelastic effect will be derived. The ultrasonic wave velocity changes due
to thermal strain will be presented.
3. Validation of the theory of thermally induced acoustoelasticity. The thirdorder elastic constants in a material can be obtained from both mechanically
and thermally induced acoustoelasticity. Experiments on metals and concrete
will be performed to validate the theoretical frameworks presented.
4. Application of the thermally induced acoustoelastic effect. The thermal modulation method will be applied to evaluate stress change and characterize the
microdamage in a material.

1.3
1.3.1

Literature review of nonlinear acoustic techniques
Overview

In recent years nonlinear acoustic techniques have attracted considerable attention
in nondestructive evaluation (NDE) owing to their high sensitivity to microscopic
defects that often remain hidden from linear techniques [3, 5]. Conventional linear
acoustic techniques utilize the natural resonance frequency and vibration attenuation
pattern (vibration-based) or the ultrasonic wave velocity and its attenuation (wave

4

Figure 1.1: An example of approximate crack progression due to fatigue [4].
propagation-based) to determine material properties and damage levels. However,
these linear techniques are not sensitive to microscopic defects, such as micro-cracks
much smaller than the wavelength of the interacting ultrasonic wave. Figure 1.1 shows
an example of using linear and nonlinear ultrasonic techniques to detect fatigue crack
progression. It shows that the nonlinear ultrasonic techniques can detect the microdamage before macro crack initiation. In contrast, conventional linear NDT methods
can only detect the fatigue crack when the damage stage is over 80% of the fatigue
life.
Theoretically, the behavior of nonlinear mesoscopic elastic materials contains
terms that describe classical nonlinearity, hysteresis, and discrete memory [10–13].
Following the phenomenological description of stress-strain hysteresis in rocks by
Guyer and McCall [11], the one-dimensional constitutive relation between the stress

5
σ and the strain ε can be expressed as follows:
Z
σ=

E(ε, ε̇)dε,

(1.1)

with E the strain amplitude and strain rate dependent nonlinear and hysteretic modulus given by


E(ε, ε̇) = E0 1 − βε − δε2 − α[∆ε + ε(t) sign(ε̇)] + · · · ,

(1.2)

where E0 is the linear modulus, ∆ε is the local strain amplitude over the previous
period (∆ε = (εM ax − εM in )/2 for a simple continuous sine excitation), ε̇ = dε/dt is
the strain rate, sign(ε̇) = 1 if ε̇ > 0 and sign(ε̇) = −1 if ε̇ < 0 [10–13]. The parameters
β and δ are the classical nonlinear perturbation coefficients in the Taylor expansion
of stress versus strain [14]; α is a measure of the material hysteresis.
The implication of the nonlinear hysteretic modulus on the acoustic wave propagation is summarized in Figure 1.2, which differentiates between a classical nonlinear
and hysteretic nonlinear behavior. In a classical nonlinear system, a stress wave
of frequency f and amplitude A1 can generate higher harmonic waves of frequency
2f , 3f ,· · · , whose amplitudes A2 , A3 ,· · · , are proportional to A21 , A31 , · · · [14]. It is
important to note that no even harmonics can be generated in a purely hysteretic
material [15]. Besides, the third harmonic in a purely hysteretic material is quadratic
in the fundamental strain amplitude [15]. Analogously, in a modulation experiment
involving frequencies f1 and f2 with amplitudes A1 and A2 , the first-order intermodulation frequencies at f2 ± f1 arise from the classical twofold nonlinear interaction
between f1 and f2 , and their amplitude Af2 ±f1 is proportional to β · A1 · A2 . When
the dynamic hysteresis dominates, the second-order intermodulation frequencies at

6

Figure 1.2: Effects of pure classical nonlinearity and pure hysteretic nonlinearity on
the evolution of a sinusoidal waveform in the time and frequency domains [15].
.
f2 ± 2f1 have an amplitude proportional to α · A1 · A2 . In contrast, the classical
theory would predict a higher-order dependence: Cβδ · (A1 )2 · A2 , with Cβδ a constant
combination of β and δ.
Based on the nonlinear theory above, several nonlinear ultrasonic methods have
been widely developed in the last few decades, such as Second Harmonic Generation
(SHG) measuring β, Nonlinear Resonance Ultrasound Spectroscopy (NRUS) measuring α, Nonlinear Wave Modulation Spectroscopy (NWMS) measuring α and β, Dy-
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namic Acoustoelastic Testing (DAET) measuring β, δ and αDAET . They have shown
different degrees of success in determining the nonlinear parameters and evaluating
the damage levels in different materials [3]. This section will introduce the theoretical
basis and experimental procedures of these nonlinear ultrasonic techniques.

1.3.2

Second harmonic generation

Higher harmonic generation is a classic phenomenon wherein the ultrasonic wave of
one frequency propagating through a nonlinear material generates waves of a higher
frequency that are n times the original frequency, as shown in Figure 1.3. The second
harmonic generation (SHG) is one of the higher harmonic generations. It has been
shown to detect and monitor microstructural changes in a material [3–5].
To explain the generation of second-order harmonic waves, consider a 1-D longitudinal wave propagating in an isotropic material. The constitutive equation for a
quadratic nonlinearity is given as [4]:
1
σ = M11 ε + M111 ε2 ,
2

(1.3)

where M11 and M111 are the second- and third-order Huang coefficients, which can
be expressed as the second- and third-order elastic constants C11 and C111 as:
M11 = C11 ,
(1.4)
M111 = 3C11 + C111 .
The nonlinear ultrasonic parameter β can be defined as Huang coefficients and elastic
constants as follows:
β=−

3C11 + C111
M111
=−
.
M11
C11

(1.5)
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Figure 1.3: Distortion in the waveform during propagation by nonlinear elasticity and
higher harmonic generation. β is a nonlinear parameter defined by the amplitudes of
the fundamental and second–order harmonic components [4].
The nonlinear wave equation for a longitudinal wave propagating in the the direction of x can be expressed as [4]:
∂ 2u
∂ 2u
ρ 2 = C11 2
∂t
∂x



∂u
1+β
∂x


.

(1.6)

The time harmonic solution to the above equation has the form:

u = u1 + u2 ,

(1.7)

where u1 is the first-order perturbation solution, which is the displacement of the
fundamental frequency component, and u2 is the second-order perturbation solution,
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which is the displacement of the second-order harmonic frequency component. The
resulting solutions can be expressed as follows:

u1 = A1 cos(κx − ωt)

(1.8)

1
u2 = A2 cos 2(κx − ωt) = βκ2 A21 x cos 2(κx − ωt),
8

(1.9)

and

where ω(= 2πf ) is the radial frequency of the wave at frequency f , κ(= ω/c) is
the wavenumber, A1 is the displacement amplitude of the fundamental frequency
component; A2 is the displacement amplitude of the second-order harmonic frequency
component. The nonlinear ultrasonic parameter β can be expressed as:

β=

8A2
.
A21 xκ2

(1.10)

The expression of β has a different form for Rayleigh wave [5]. To measure the absolute nonlinear ultrasonic parameter β, the piezoelectric detection method, developed
by G. E. Dace et al. [8, 16], measures the displacement amplitude using a contact
piezoelectric transducer with careful calibration. More detailed procedures of this
method have been summarized in Ref [4].
Due to the inconvenience of the additional processes required for calibration in
the piezoelectric detection method for absolute β, many researchers use the detected
signal amplitude and keep the traveling distance x and wave number κ constant.
′

Thus a relative parameter β can be expressed as [17]:
′

A
β = ′22 .
A1
′

(1.11)
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Since the amplitude of the second-order harmonic frequency component is much
smaller than that of the fundamental frequency component, an ultrasonic receiver
with the central frequency of 2f should be used if the transmitting wave frequency is
at f . Besides, the phase inversion technique, which superposes two ultrasonic signals
measured at 180◦ out-of-phase inputs to extract only even harmonics by canceling
out the odd harmonics, can be utilized to make the second-order amplitude more
pronounced [18, 19].

1.3.3

Nonlinear resonance acoustic spectroscopy

Nonlinear resonance acoustic spectroscopy (NRAS) analyzes the dependence of the
resonance frequency on the strain amplitude while exciting the sample at relatively
low amplitudes. At different strain levels, there exist (1) a linear decrease of the
resonance frequency for increasing strain levels, (2) a quadratic amplitude dependence
of the third harmonic, and (3) a linear increase of the modal damping ratio ξ (decrease
of the quality factor Q), as shown below:
f0 − f
= C1 ∆ε;
f0

(1.12)

∆ε3 = C2 ∆ε2 ;

(1.13)

ξ − ξ0
= C3 ∆ε.
ξ0

(1.14)

The coefficients Ci in all three relationships are proportional to the hysteresis parameter α [15].
In the experiment, the tested sample is usually excited around its bending or
longitudinal resonance mode by a low-distortion speaker with a sweeping frequency
excitation. An accelerometer measures the sample’s out-of-plane response. The ex-
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periments use different drive amplitudes to measure the resonance shift as a function
of external amplitude. Figure 1.4 shows the frequency shift as the excitation level increases. The intact sample shows little frequency shift, while the damaged one shows
a noticeable frequency shift as the excitation amplitude increases.

Figure 1.4: Resonance curve: (a) undamaged sample, (b) damaged sample [20].
Instead of a sweeping frequency excitation using a speaker, hitting the specimen
with an impactor can also excite the resonance frequency of the specimen. This
technique is called Nonlinear Impact Resonance Acoustic Spectroscopy (NIRAS) [21,
22]. Figure 1.5 shows a picture and schematic of the experimental setup for the
NIRAS measurements. In practice, the acceleration is used to present the strain level
since the amplitude of the acceleration signal is proportional to the strain due to
the impact. Thus, the relative nonlinear parameter α′ can be expressed using the
acceleration as:
f0 − f
= α′ (x¨0 − ẍ) .
f0

(1.15)

Figure 1.6 shows the linear relationship between relative frequency shift and acceleration on two concrete prisms. The recorded nonlinearity for the reference sample
(S1 reference) is much lower (close to zero) than that for the companion damaged
sample (S1).
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Figure 1.5: (a) Picture of experimental setup and (b) schematic of setup [22].

Figure 1.6: Nonlinearity comparison between reference and tested samples [22].
Although the NIRAS method has proved its high sensitivity and easy operation,
a major drawback is that it is only suitable for small specimens in the laboratory.
Inspired by NIRAS, Malone [23] proposed a nonlinear impact-echo (IE) method for
characterizing concrete damage. This method measured the fundamental IE mode of
concrete specimens under multiple impacts with increasing amplitudes. The nonlinear
parameter αIE is extracted. Figure 1.7 shows the frequency shift of IE mode on 0.3 m
× 0.3 m × 1.12 m concrete specimens with different ASR damage levels. This method
dramatically improves the feasibility of nonlinear resonance acoustic spectroscopy in
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Figure 1.7: Relative frequency shift vs. acceleration in nonlinear IE tests for Control,
ASR early-age, and ASR late-age concrete specimens [23].
evaluating large concrete structures in the field.

1.3.4

Nonlinear wave modulation spectroscopy

Nonlinear wave modulation spectroscopy (NWMS) utilizes the interaction of a continuous high-frequency probe wave (fprobe ) and a low-frequency vibration or pump wave
(fpump ). To maximize the strain in the material, fpump is generally a given resonance
mode of the tested sample. The manifestations of the nonlinear response appear as
wave distortion and accompanying wave harmonics, and in sum and difference frequency generation (sidebands) [24]. Figure 1.8 shows the wave modulation process
and the modulated wave frequencies. The amplitude and phase of the probe wave are
modulated while the pump vibration makes the crack open and close. The frequency
domain of the received waves exhibits higher harmonics and modulated frequencies.
The amplitudes of different sidebands are affected by different types of nonlinear-
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Figure 1.8: Left figure: Schematic representation of the acoustic modulation process.
Right figure: resulted spectra for an undamaged sample (top right) and a cracked
sample (bottom right) [3].
ity:
Afprobe ±fpump ∝ βApump Aprobe

(1.16)

Afprobe ±2fpump ∝ αApump Aprobe ,
where Af is the amplitude at the frequency f , β is a classical nonlinear parameter,
and α is the non-classical hysteretic parameter.
Compared to the SHG technique, the NWMS technique has some advantages [3],
and the most significant advantage is that the NWMS technique does not require
high voltages in the SHG technique. High voltages may introduce other nonlinear
background noise. NWMS has been successfully utilized to characterize the crack
in Plexiglas and sandstone samples [15], fatigue damage in aluminum [25, 26], ASR
damage in concrete [27, 28], and delamination in composites [29].
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1.3.5

Dynamic acoustoelastic testing

The acoustoelastic effect describes the dependence of the stress wave velocity on stress
or strain in the medium [1, 30]. Dynamic acoustoelastic testing (DAET), instead of
using quasi-static stress/strain, uses a low-frequency pumping excitation to generate
slight tension and compression in a tested specimen [31–33].

Figure 1.9 shows the

Figure 1.9: Experimental setup of the DAET method [32].
experimental setup of the DAET method. The tested specimen is typically a long
thin bar, and the dynamic pump is usually excited at the resonance frequency of
the tested specimen. Meanwhile, high-frequency (HF) pulses are used to probe the
various phases of a mechanical system. The received ultrasonic pulses are modulated
in phase and amplitude, similar to the NWMS method. However, the analysis is
focused on the variations of modulus rather than on sideband spectral components.
Based on Eq. (1.2), and the relationship between elastic wave velocities and the
associated elastic modulus, the relative changes in elastic modulus can be represented
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Figure 1.10: DAET results: (left), velocity change as a function of time for intact
(top) and damaged (middle) concrete samples in response to input strain modulations
(bottom), and (right), velocity change as a function of strain for intact and damaged
samples along with the corresponding fit [33].
by relative variation of wave velocity [31, 32]:
∆V
∆K
=2
= C − βεLF − δε2LF ,
K0
V

(1.17)

where εLF is the strain generated by the low-frequency pump, and the offset C is
related to the hysteresis parameter as αDAET =

C
εmax

[33].

The relative wave velocity changes due to low-frequency pumps can be measured
using the arrival time of HF pulses [32] or coda wave interferometry [33]. Figure 1.10
shows the experimental results of the DAET test on the two concrete samples [33].
The relation between relative wave velocity change and pump-induced strain is obtained by carefully synchronizing the HF pulse emissions with the pump signal, as
shown in Figure 1.10. The correlation between the strain and the relative velocity
change is modeled with Eq. (1.17) and the three nonlinear parameters αDAET , β
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and δ can be extracted. After the fast dynamics (0∼0.5s), at which the pump is
switched off, the slow dynamics behavior is also observed and analyzed, as shown in
Figure 1.11. Compared with other nonlinear techniques, the DAET method provides
a suite of nonlinear parameters: fast and slow dynamics.

Figure 1.11: A comparison of the slow dynamics behavior of intact and damaged
samples [33].

Figure 1.12: Types of HF ultrasonic probes used in DAET [34].
In addition to the experimental setup shown in Figure 1.9, other types of HF
ultrasonic probe setups are used, such as bulk shear wave [35] and Rayleigh wave [36].
Figure 1.12 presents different experimental setups for HF ultrasonic probes.
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Compared to other nonlinear ultrasonic techniques, the DAET method can comprehensively evaluate the material, including hysteresis, transient elastic softening or
conditioning, and slow relaxation [33]. Although this method is sensitive to damage
and can provide a set of nonlinear parameters, like other nonlinear methods, this
method can only be applied to small test specimens in the laboratory.

1.3.6

Thermal modulation of nonlinear ultrasonic waves

In Sections 1.3.2 to 1.3.5, the existing nonlinear ultrasonic techniques are either challenging to measure absolute nonlinear coefficients or can only be applied to small
laboratory specimens. To overcome the limitations of the above nonlinear ultrasonic
techniques, Sun and Zhu [9, 37, 38] proposed the thermal modulation of nonlinear ultrasonic waves, which utilizes the thermal strain to excite nonlinearity in a material.
Figure 1.13 shows an example of using the thermal modulation method to evaluate
the thermal damage in concrete prisms.

Figure 1.13: An example of using the thermal modulation method to evaluate the
thermal damage in concrete prisms. Prisms 1-4 have different thermal damage levels,
where Prism 1 has no damage, and Prism 4 has the most damage [37].
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They later proposed a theory to determine the acoustic nonlinearity parameters
(α, β, δ) of materials using thermal modulation of ultrasonic waves based on Eq. (1.2):
E(ε, ε̇) = E0 {1 − βε − δε2 − α[∆ε + ε(t) sign(ε̇)] + · · · } . The nonlinear parameters
are extracted by correlating the relative ultrasonic wave velocity changes and the
√
temperature change (thermal strain). Since the velocity is related to E, the relative
velocity change is expressed as [9]:

dv/v =

1 ∆E
1
= − βε + δε2 + α[∆ε + ε sign(ε̇)] ,
2 E
2

(1.18)

where ε is the thermal strain, which can be expressed as ε = αT ∆T , with αT the
thermal expansion coefficient.
The thermal modulation technique has some advantages compared to other nonlinear ultrasonic techniques. First, it provides both classical nonlinearity (β and δ)
and non-classical nonlinearity hysteresis (α). Second, the thermal modulation method
can determine absolute values of nonlinear parameters, which are more meaningful
and comparable than relative values when comparing different specimens. Third,
thermally induced wave velocity changes are larger than mechanical strain-induced
velocity changes so that the velocity changes can be measured with less error. Fourth,
the thermal modulation method is naturally immune from the thermal effect since the
temperature variation is no longer an undesired influencing factor in tests. Therefore,
the thermal modulation method has great potential in evaluating the properties of
materials, both in the laboratory and in situ tests.
Sun and Zhu [9] observed that the nonlinear parameters of aluminum and steel
from the thermal modulation tests are much larger than the reported values in other
literature, indicating that the thermal strain and mechanical strain cause different
wave velocity changes. The classical acoustoelastic theory will be revisited, and a
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theory is needed to explain the thermally induced acoustic nonlinearity.

1.4

Outlines

In Chapter 1, the author presents the motivation for the current research and literature review of existing nonlinear acoustic techniques. Chapters 2 and 3 develop
the theoretical frameworks of mechanically and thermally induced acoustoelasticity.
These two chapters also present the ultrasonic wave velocity changes due to uniaxial
stress, biaxial stress, and thermal strain.
In Chapter 4, the author introduces the stretching method for evaluating small
wave velocity changes in a heterogeneous concrete material. Three experimental
scenarios of velocity change in concrete: early-age hydration, temperature change,
and uniaxial loading, are presented to demonstrate the time window effect. The
proposed calculation method is used in all experiments that follow.
Chapters 5 and 6 present the experimental setup and results on aluminum alloy
and concrete, respectively, to validate the theories described in Chapters 2 and 3. In
addition, the absolute nonlinear parameters of acrylic, glass, and stainless steel are
extracted using the thermal modulation method in Chapter 5.
Chapter 7 applies the acoustoelastic effect to stress evaluation. The proposed
method is demonstrated on a full-scale prestressed concrete girder.

21

Chapter 2

THEORY OF ACOUSTOELASTICITY

This chapter introduces and reviews the theory of acoustoelasticity and sets a foundation for Chapter 3. The theory of acoustoelasticity is presented starting from the
equation of wave motion. The author introduces the equations under two reference
systems, the natural coordinate system, and the initial coordinate system. These two
coordinate systems have been misused in some papers. Therefore, there is a need to
summarize the equations in both systems in this study.

2.1

Wave propagation in linear isotropic materials

This section briefly reviews the linear theory of elasticity and wave motion in an
isotropic material. This lays the foundation for understanding the difference between
linear and nonlinear systems. The linear theory of elasticity is based on an assumption
of a linear stress-strain relationship. As shown in Figure 1.2, the stress-strain curve
is linear, and the elastic modulus is constant for a linear system.
Consider a linear isotropic material, and neglecting body forces such as gravity
acting on the volume, the equation of motion can be written as [6, 39–41]:

ρ

∂σxx ∂σxy ∂σxz
∂ 2u
=
+
+
.
2
∂t
∂x
∂y
∂z

(2.1)
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From Hooke’s law, we have
σxx = λ∆ + 2µexx ,

(2.2)

σxy = 2µexy ,

(2.3)

σxz = 2µexz ,

(2.4)

and the strain-displacement relation is
1
εij = (ui,j + uj,i ).
2

(2.5)

By substituting these into Eq. (2.1), we obtain

ρ

∂ 2u
∂∆
∂exx
∂exy
∂exz
=λ
+ 2µ
+ 2µ
+ 2µ
,
2
∂t
∂x
∂x
∂y
∂z

(2.6)

where σ is the stress tensor, e is the strain tensor, ρ is the density, u is the particle
displacement, λ and µ are the Lamé constants, and ∆ can be expressed in terms of
displacement components u, v, w as

∆=

∂u ∂v ∂w
+
+
.
∂x ∂y
∂z

(2.7)

By substituting Eq. (2.7) into Eq. (2.6), we obtain
∂ 2u
∂
ρ 2 =λ
∂t
∂x



∂u ∂v ∂w
+
+
∂x ∂y
∂z

∂ 2u
+ 2µ 2 + µ
∂x



∂u ∂v ∂w
+
+
∂x ∂y
∂z





∂ 2v
∂ 2u
+ 2
∂y∂x ∂y




+µ


∂ 2w
∂ 2u
+
.
∂z∂x ∂z 2
(2.8)

After rearrangement, we have
∂ 2u
∂
ρ 2 = (λ + µ)
∂t
∂x




+µ

∂ 2u ∂ 2u ∂ 2u
+
+
∂x2 ∂y 2 ∂z 2


.

(2.9)
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Using the Laplacian operator, ∇2 =(∂ 2 /∂x2 + ∂ 2 /∂y 2 + ∂ 2 /∂z 2 ) in the above equation, we obtain the equation of wave propagation in homogeneous, isotropic, and
elastic solids [6]:
ρ

∂ 2u
= (λ + µ)∇∆ + µ∇2 u.
∂t2

(2.10)

By taking the divergence of both sides of Eq. (2.10), and reordering the differentiation, we have the equation for longitudinal wave propagation:
∂ 2∆
ρ 2 = (λ + 2µ)∇2 ∆.
∂t

(2.11)

The longitudinal wave velocity (P wave) in an elastic solid then is
s
VP =

λ + 2µ
ρ

(2.12)

Similarly, by taking the curl of both sides of Eq. (2.10), we have the equation for
shear wave propagation:

ρ

∂2
(∇ × u) = µ∇2 (∆ × u),
∂t2

(2.13)

and the shear wave velocity (S wave) in an elastic solid then is
r
VS =

µ
.
ρ

(2.14)

This section briefly presents the wave propagation equation in a linear material
based on a linear stress-strain relationship. However, The stress-strain relationship of
a material is usually nonlinear if looking at it from a microscopic scale. The nonlinear
phenomena discussed in Chapter 1 can only be explained using the nonlinear stress-
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strain relationship. The following sections will review one of the nonlinear phenomena,
the acoustoelastic effect, and gain insight into the effects of stress or strain on elastic
modulus and elastic wave velocities.

2.2

Acoustoelasticity in natural coordinates

The acoustoelastic effect describes how the wave velocities (both longitudinal and
shear wave velocities) in an elastic material change with stress or strain. In Section 2.1, only second-order elastic constants (Lamé constants) λ and µ are needed to
describe the linear stress-strain relationship in an isotropic material. On the other
hand, the nonlinear acoustoelastic effect requires additional third-order elastic constants (TOEC) to describe the constitutive relation between the applied stress and
resulting strain, which yields longitudinal and shear wave velocities dependent on the
stress state of the material.
Following the derivations of Pao et al. [2, 42], the equations of acoustoelasticity
can be presented in two coordinates, the natural and initial frames of reference. In
general, different configurations are related by deformation gradients and Jacobian
determinants. In this section, the equations in the natural coordinates are presented.
The wave velocities in the initial coordinates and the comparison with natural reference will be presented later.

2.2.1

Equations of motion

Acoustoelaticity describes the stress (strain) dependence of elastic wave velocity in a
medium. In 1953, based on Murnaghan’s finite deformation theory [30], Hughes and
Kelly [1] derived expressions for the velocities of elastic waves in stressed solids. Their
research presented the relationship between the velocities of elastic waves and the
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strains in an isotropic body subjected to hydrostatic pressure and simple compression.
In 1985, Pao and Gamer [2] re-examined the theory of acoustoelasticity and derived
equations of motion of infinitesimal wave motion in a predeformed body in both
natural and initial frames of reference. The positions of a particle in the body at
natural, initial, and final states are represented by position vectors ξ, X and x, and
all of them are directed from the origin of a common Cartesian coordinate system, as
shown in Figure 2.1. In the natural configuration, the components of ξ are denoted
by Greek subscripts, giving ξα (α = 1, 2, 3). XJ (J = 1, 2, 3) are the components of X
with reference to the initial configuration, and xj (j = 1, 2, 3) are the components of
x with reference to the final configuration. At the natural, initial, and final states,
all physical variables and material properties are denoted by superscripts “0”, “i”,
and “f ”. The mass densities, for example, are represented by ρ0 , ρi , and ρf in the
natural, initial, and final state, respectively.
The displacement vectors from the natural to the initial state and final state are
denoted by ui and uf . The dynamic displacement (wave motion in this study) from
the initial to the final state is represented by u = uf −ui . These displacement vectors
can be written using position vectors as:

ui = X − ξ

(2.15a)

uf = x − ξ

(2.15b)

u = uf − ui = x − X.

(2.15c)

In natural coordinates, the finite Lagrangian strain tensors Eαβ , in the initial and
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Figure 2.1: Coordinates for a material point at the natural (ξ), initial (X), and final
(x) configuration of a predeformed body [42].
final states, are given in terms of displacements ui and uf by
∂uiα ∂uiβ ∂uiλ ∂uiλ
+
+
∂ξβ
∂ξα
∂ξα ∂ξβ

!

i
Eαβ

1
=
2

f
∂ufα ∂uβ ∂ufλ ∂ufλ
+
+
∂ξβ
∂ξα
∂ξα ∂ξβ

!

f
Eαβ

1
=
2

,

(2.16a)

.

(2.16b)

f
The strain tensor at the final state Eαβ
can be decomposed into two parts: the
i
predeformation Eαβ
and the incremental strain due to wave motion:

f
i
− Eαβ
.
Eαβ = Eαβ

(2.17)

If the superimposed dynamic wave motion is small, i.e., ∥ uα ∥≪∥ uiα ∥, the term
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(∂uλ /∂uα )(∂uλ /∂uβ ) can be disregarded, and Eαβ can be expressed by:

Eαβ

1
=
2



∂uα ∂uβ ∂uiλ ∂uλ ∂uiλ ∂uλ
+
+
+
∂ξβ
∂ξα
∂ξα ∂ξβ
∂ξβ ∂ξα


.

(2.18)

A variety of stress tensors can be defined relative to different configurations. The
Cauchy stress T is defined as an area over an area of material elements in the deformed
state. In contrast, the second Piola-Kirchhof stress tensor S describes the stresses over
the area of the same material elements in the undeformed state. These definitions
allow us to present equations in different coordinate systems (natural and initial).
Different types of stress tensors are related to deformation gradients. For example,
i
at the initial state, the relationship between the Cauchy stress tensor TIJ
and the
i
Piola-Kirchhof stress tensor Sαβ
are related by:

i
TIJ
=

ρi ∂XI ∂XJ i
S .
ρ0 ∂ξα ∂ξβ αβ

(2.19)

In this work, only the Kirchhof stress tensors S relative to the undeformed (in the
natural coordinate system) will be presented. Like the displacement and strain, the
incremental stress tensor from the initial to the final state can be defined by

S = Sf − Si ,

(2.20)

and the incremental stress in the natural coordinate system can be expressed as:

f
i
Sαβ = Sαβ
− Sαβ
.

(2.21)

Since the deformation from the natural to the initial state is static, Si satisfies
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the following equation of equilibrium:
∂
∂ξβ



i
Sβα

+

i
i ∂uα
Sβγ
∂ξγ


= 0.

(2.22)

The equation of motion for the dynamic deformation at the final state in the natural
frame of reference can be expressed as:
∂
∂ξβ



f
∂ 2 xi
f ∂uα
f
Sβα + Sβγ
= ρ0 2 .
∂ξγ
∂t

(2.23)

Substituting the decomposed stress in Eq. (2.21) and the decomposed deformation
gradient Eq. (2.15) into the equation of motion in natural frame of reference Eq. (2.23),
α
, and combining the equation of equilibrium of the predeformed
dropping the Sβγ ∂u
∂ξγ

state Eq. (2.22), Eq. (2.23) can be rewritten as [2]:


2
∂
∂uiα
i ∂uα
0 ∂ uα
.
Sβα + Sβγ
+ Sβγ
=ρ
∂ξβ
∂ξγ
∂ξγ
∂t2
2.2.2

(2.24)

Acoustoelasticity for hyperelastic materials

To complete the theory of acoustoelasticity, a constitutive equation that relates
stresses and strains is required. For hyperelastic materials, the stored elastic energy
density function W (Eij ) is a polynomial in the finite strain measures Eij [43]:

W (Eij ) =

1
1
Cijkl Eij Ekl + Cijklmn Eij Ekl Emn + · · · ,
2!
3!

(2.25)

where Eij is either the strain in the initial state Eiji or that in the final state Eijf ;
Cijkl , Cijklmn are the second- and third-elastic moduli. The second Piola-Kirchhoff
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stresses are related to the strain energy density by

Sij =

∂W
.
∂Eij

(2.26)

Under the assumption that the strain energy density function is approximated by
a two-term polynomial of Eij , the second Piola-Kirchhoff stress can be written as:
1
Sij = Cijkl Ekl + Cijklmn Ekl Emn .
2

(2.27)

The second-order moduli Cijkl has 21 distinct values for 81 components in the general
case due to the symmetries: Cijkl = Cijlk = Cjikl = Cklij . For isotropic materials,
Cijkl can be written as

Cijkl = λδij + µ (δik δjl + δil δjk ) ,

(2.28)

where λ and µ are Lamé constants, and δij is the Kronecker delta function given by

δij =



 1 if i = j

(2.29)


 0 if i ̸= j.
The number of components of the third-order moduli Cijklmn symmetries reduces from
729 to 56 if the predeformation is purely isothermal or isentropic [2]. For isotropic
medium, Cijklmn can be represented using the Murnaghan constants [30] l, m and n
as:

n
)δij δkl δmn
2
n
+ 2(m − )(δij Iklmn + δkl Imnij + δmn Iijkl )
2
n
+ (δik Ijlmn + δil Ijkmn + δjk Iilmn + δjl Iikmn ),
2

Cijklmn = 2(l − m +

(2.30)
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where
Iijkl =

(δik δjl + δil δjk )
.
2

(2.31)

From Eq. (2.27), the stress-strain relations at the initial and final states are presented as:
1
i
i
i
i
= Cαβγδ Eγδ
+ Cαβγδϵη Eγδ
Sαβ
Eϵη
,
2

(2.32)

1
f
f
f
f
Eϵη
.
Sαβ
= Cαβγδ Eγδ
+ Cαβγδϵη Eγδ
2

(2.33)

and

A constitutive equation for the incremental stress caused by wave motion, Sαβ in
Eq. (2.24) can be derived from the difference between the above two equations [2,42]:

Sαβ = Cαβγδ Eγδ + Cαβγδϵη eiγδ eϵη ,

(2.34)

where Eγδ is defined in Eq. (2.18). To be consistent with the cubic polynomial approximation for strain energy density function W (E), the infinitesimal strain tensors
(or Cauchy strain tensors) ei and e are used [42], where

eiαβ

1
=
2

∂uiα ∂uiβ
+
∂ξβ
∂ξα

!
,

eαβ

1
=
2



∂uα ∂uβ
+
∂ξβ
∂ξα


.

(2.35)

In terms of displacement gradients, the constitutive equation Eq. (2.34) is written as:

Sαβ



∂uiρ ∂uρ
∂uiγ ∂uϵ
= Cαβγδ δργ +
+ Cαβγδϵη
.
∂ξγ ∂ξδ
∂ξδ ∂ξη

(2.36)

In Eq. (2.36), only linear terms in ∂u/∂ξ or ∂ui /∂ξ are retained.
Substituting the constitutive equations for Sαβ into Eq. (2.24), the equation of
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motion for u(a, t) with reference to the natural coordinates can be obtained:

i
Sβγ

∂ 2 uα
∂
+
∂ξβ ∂ξγ ∂ξβ



∂uγ
Γαβγδ
∂ξδ



= ρ0

∂ 2 uα
,
∂t2

(2.37)

where
Γαβγδ

∂uiγ
∂ui
+ Cρβγδ α + Cαβγδϵη eiϵη .
= Cαβγδ + Cαβρδ
∂ξρ
∂ξρ

(2.38)

The coefficient Γαβγδ = Γγδαβ is of lower order symmetry than Cαβρδ , and the total
number of distinct coefficients Γαβγδ is 45 in the general case. It is worth noting that
the first term on the left side of Eq. (2.37) represents the effect of stresses at the
initial state, while the second term represents the effect of strains.

2.2.3

Homogeneous predeformation

For a homogeneously predeformed medium, the equation of motion (Eq. (2.37)) is
reduced to:
Aαβγδ

∂ 2 uα
∂ 2 uγ
= ρ0 2 ,
∂ξβ ∂ξδ
∂t

(2.39)

where
i
Aαβγδ = Sβδ
δαγ + Γαβγδ

(2.40)

= Cβδϵη eϵη δαγ + Γαβγδ
is the instantaneous elastic moduli.
Consider a plane harmonic wave that has the form

uα = Uα exp [i (knβ ξβ − ωt)] ,

(2.41)

where n is a unit vector normal to the plane wave, k(= 2π/wavelength) the wave
number, ω the angular frequency, and U is the amplitude vector. The wave velocity
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V is given by V = ω/k. Substituting Eq. (2.41) into Eq. (2.39) gives

[Aαβγδ − ρ0 (ω/k)2 δαγ ]Uγ = 0.

(2.42)

[Aαβγδ − ρ0 V 2 δαγ ]Uγ = 0.

(2.43)

or

The characteristic equation is

∆αγ − ρ0 V 2 δαγ = 0,

(2.44)

where ∆αγ is called an acoustic tensor,

∆αγ = Aαβγδ nβ nδ .

2.2.4

(2.45)

Plane waves in orthotropic media

For orthotropic materials in the natural state, an orthotropic body possesses three
axes of symmetry which are formed by intersections of three planes of symmetry.
These axes are the same as the twofold axes of symmetry for orthorhombic crystals.
The material has 9 independent second-order moduli Cαβγδ and 20 third-order moduli
Cαβγδϵη [2,42]. Using Voigt’s contracted notation for indices to replace 11 by 1, 22 by 2,
33 by 3, 23 by 4, 31 by 5, and 12 by 6, Cαβγδ are represented by Cpq (p, q = 1, 2, . . . , 6)
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0
0 
C11 C12 C13 0


C

C
C
0
0
0
22
23
 21





C31 C32 C33 0
0
0 
.



 0

0
0
C
0
0
44




 0

0
0
0
C
0
55




0
0
0
0
0 C66

(2.46)

Let the coordinate axes ξα coincide with the axes of principal strains. Besides,
all the waves propagating along the axes have polarization directions parallel to the
coordinates axes. For a plane wave propagating in the direction of the ξ3 axis, with
n = (0, 0, 1), the V and Uγ satisfy
[Aα3γ3 − ρ0 V 2 δαγ ]Uγ = 0.

(2.47)

Since Aαβγδ is of lower order symmetry than Cαβγδ , Voigt’s notation needs to be
supplemented by changing 32 to 7, 13 to 8, and 21 to 9. The characteristic equation
is



0 2
A1323
A1333
A1313 − ρ V




 = 0,
0 2
A
A
−
ρ
V
A
2313
2323
2333




A3313
A3323
A3333 − ρ0 V 2

(2.48)

or using Voigt’s notation,


0 2
A84
A83
A88 − ρ V




 = 0,
0 2
A
A
−
ρ
V
A
48
44
43




A38
A34
A33 − ρ0 V 2

(2.49)
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where
i
A33 = S33
+ c33 (1 + 2ei33 ) + c331 ei11 + c332 ei22 + c333 ei33
i
A44 = S33
+ c44 (1 + 2ei22 ) + c441 ei11 + c442 ei22 + c443 ei33
i
+ c55 (1 + 2ei11 ) + c551 ei11 + c552 ei22 + c553 ei33
A88 = S33

(2.50)

A43 = A34 = c33 (∂ui2 /∂ξ3 ) + c44 (∂ui3 /∂ξ2 ) + 2c344 ei23
A83 = A38 = c33 (∂ui1 /∂ξ3 ) + c55 (∂ui3 /∂ξ1 ) + 2c355 ei31
A84 = A48 = c44 (∂ui1 /∂ξ2 ) + c55 (∂ii2 /∂ξ1 ) + 2c456 ei12
according to Eq. (2.40) and Eq. (2.38).
Since the predeformed principal strains ei11 , ei22 and ei33 are in directions of coordinate axes ξ1 , ξ2 and ξ3 , ei12 = ei23 = ei31 = 0. Thus off-diagonal elements in Eq. (2.49)
are equal to zeros, which gives


0 2
0
0
A88 − ρ V




=0
0 2
0
A
−
ρ
V
0
44




0
0
A33 − ρ0 V 2

(2.51)

The squares of wave velocities in pure longitudinal or pure transverse modes are
i
ρ0 V312 = A88 = A1313 = S33
+ C55 (1 + 2ei11 ) + C551 ei11 + C552 ei22 + C553 ei33
i
ρ0 V322 = A44 = A2323 = S33
+ C44 (1 + 2ei22 ) + C441 ei11 + C442 ei22 + C443 ei33

(2.52)

i
ρ0 V332 = A33 = A3333 = S33
+ C33 (1 + 2ei33 ) + C331 ei11 + C332 ei22 + C333 ei33

where Vij represents the velocities of elastic wave that propagates in direction i
and polarizes in direction j. In the same way, the squares of nine wave velocities
ρ0 Vij2 (i, j = 1, 2, 3) can be expressed using principal strains ei11 , ei22 , ei33 and the elastic moduli as:
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i
ρ0 V112 = A1111 = S11
+ C11 (1 + 2ei11 ) + C111 ei11 + C112 ei22 + C113 ei33
i
ρ0 V122 = A2121 = S11
+ C66 (1 + 2ei22 ) + C661 ei11 + C662 ei22 + C663 ei33
i
ρ0 V132 = A3131 = S11
+ C55 (1 + 2ei33 ) + C551 ei11 + C552 ei22 + C553 ei33
i
+ C66 (1 + 2ei11 ) + C661 ei11 + C662 ei22 + C663 ei33
ρ0 V212 = A1212 = S22
i
ρ0 V222 = A2222 = S22
+ C22 (1 + 2ei22 ) + C221 ei11 + C222 ei22 + C223 ei33

(2.53)

i
ρ0 V232 = A3232 = S22
+ C44 (1 + 2ei33 ) + C441 ei11 + C442 ei22 + C443 ei33
i
ρ0 V312 = A1313 = S33
+ C55 (1 + 2ei11 ) + C551 ei11 + C552 ei22 + C553 ei33
i
ρ0 V322 = A2323 = S33
+ C44 (1 + 2ei22 ) + C441 ei11 + C442 ei22 + C443 ei33
i
ρ0 V332 = A3333 = S33
+ C33 (1 + 2ei33 ) + C331 ei11 + C332 ei22 + C333 ei33

i
where the initial stress term Sαα
(α = 1, 2, 3) can be expanded as:

i
Sαα
= Cα1 ei11 + Cα2 e21 + Cα3 ei33

(2.54)

As shown in Eq. (2.53), the squares of wave velocities are related to the initial
stresses and strains. When there are only stress-induced strains, the initial stress
term S i on the right side of the Eq. (2.53) can be expanded as defined in Eq. (2.40):
i
S11
= C11 ei11 + C12 ei22 + C13 ei33
i
S22
= C21 ei11 + C22 ei22 + C23 ei33
i
S33
= C31 ei11 + C32 ei22 + C33 ei33

(2.55)
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2.3

Acoustoelasticity in initial coordinates

Even though the equations in the natural coordinates are used for further analysis
in this study, it is worth presenting the equations in the initial coordinates. The
above derivations in the natural coordinates ξα (α = 1, 2, 3) can be also performed
in the initial coordinates XJ (J = 1, 2, 3) [2, 42]. The wave velocities determined in
the natural coordinates are called natural wave velocities, while those in the initial
coordinates are called actual wave velocities [2,44]. The natural velocity is calculated
from the original travel length L0 and the actual travel time t as V = L0 /t. While in
the initial coordinates (deformed state), the actual velocity v = L/t calculation needs
correction for the actual travel length L, which should be measured at each initial
state [2]. Therefore, obtaining the wave velocities in the natural coordinates is easier
than in the initial coordinates. However, in the measurement of residual stresses, the
equations in the initial system are preferable because residual stresses are already in
the initial state. Consequently, access to its natural state is not possible [45].
Following the same procedures as in the previous section, the equation of motion
in the initial coordinates is given by [2]
2
∂ 2 uK
0 ∂ uI
=ρ
,
BIJKL
∂XJ ∂XL
∂t2

where

∂uiI
∂XM
∂ui
∂uiL
+ CIJM L K + CIJKM
∂XM
∂XM

(2.56)

BIJKL = TJL δIK + CIJKL + CM JKL
+ CIM KL

∂uiJ
∂XM

(2.57)

+ CIJKLM N eiM N ,
and TJL is the Cauchy stress which can be expanded as TJL = CJLM N eiM N δIK .
Consider the wave velocities propagating in the direction X3 in an orthotropic
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medium, similar to Eq. (2.52), the squares of actual wave velocities are:
i
2
+ C55 (1 + 2ei11 + 2ei33 ) + C551 ei11 + C552 ei22 + C553 ei33
= B1313 = T33
ρ0 v31
i
2
+ C44 (1 + 2ei22 + 2ei33 ) + C441 ei11 + C442 ei22 + C443 ei33
= B2323 = T33
ρ0 v32

(2.58)

2
i
ρ0 v33
= B3333 = T33
+ C33 (1 + 4ei33 ) + C331 ei11 + C332 ei22 + C333 ei33

Note that the actual wave velocities in Eq. (2.58) are not equal to the natural
i
i
wave velocities in Eq. (2.52) despite that the stress term T33
= S33
. The differences

are
2
v31
− V312 = 2ei33 (V310 )2

(2.59)

2
− V322 = 2ei33 (V320 )2
v32
2
− V332 = 2ei33 (V330 )2
v33

where
V310 = (c55 /ρ0 )1/2
(2.60)

V320 = (c44 /ρ0 )1/2
V330 = (c33 /ρ0 )1/2

are the wave velocities at the natural state (undeformed). Assuming the wave velocity
changes due to the predeformation are small, and V +v ∼
= 2V 0 , the difference between
natural and initial wave velocities V33 and v33 can be described by the following
approximation:
2
v33
− V332
v33 + V33 v33 − V33 ∼
=
=2
0 2
(V33 )
V330
V330



v33 − V33
V330



= 2ei33 .

(2.61)

Thus the difference between natural and initial wave velocities, v33 − V33 = V330 ei33 , is
caused by the change of linear dimension in the direction of wave propagation [42].
Similarly, the actual velocity vJK of a wave propagating along XJ and polarizing
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parallel to XK has a relationship with the natural wave velocities:
v11 = V11 + V110 ei1 ,

v12 = V12 + V120 ei1 ,

v13 = V13 + V130 ei1

v21 = V21 + V210 ei2 ,

v22 = V22 + V220 ei2 ,

v23 = V23 + V230 ei2

v31 = V31 + V310 ei3 ,

v32 = V32 + V320 ei3 ,

v33 = V33 + V330 ei3 .

(2.62)

In isotropic media, Vij0 (i = j) = [(λ + 2µ)/ρ0 ]1/2 , and Vij0 (i ̸= j) = (µ/ρ0 )1/2 .
Similar to Eq. (2.53), the squares of nine actual wave velocities ρ0 vij2 (i, j = 1, 2, 3)
can be expressed using principal strains ei11 , ei22 , ei33 and the elastic moduli as:
2
i
ρ0 v11
= B1111 = T11
+ C11 (1 + 4ei11 ) + C111 ei11 + C112 ei22 + C113 ei33
2
i
ρ0 v12
= B2121 = T11
+ C66 (1 + 2ei11 + 2ei22 ) + C661 ei11 + C662 ei22 + C663 ei33
2
i
ρ0 v13
= B3131 = T11
+ C55 (1 + 2ei11 + 2ei33 ) + C551 ei11 + C552 ei22 + C553 ei33
2
i
ρ0 v21
= B1212 = T22
+ C66 (1 + 2ei11 + 2ei22 ) + C661 ei11 + C662 ei22 + C663 ei33
2
i
ρ0 v22
= B2222 = T22
+ C22 (1 + 4ei22 ) + C221 ei11 + C222 ei22 + C223 ei33

(2.63)

2
i
ρ0 v23
= B3232 = T22
+ C44 (1 + 2ei22 + 2ei33 ) + C441 ei11 + C442 ei22 + C443 ei33
2
i
ρ0 v31
= B1313 = T33
+ C55 (1 + 2ei11 + 2ei33 ) + C551 ei11 + C552 ei22 + C553 ei33
2
i
ρ0 v32
= B2323 = T33
+ C44 (1 + 2ei22 + 2ei33 ) + C441 ei11 + C442 ei22 + C443 ei33
2
i
+ C33 (1 + 4ei33 ) + C331 ei11 + C332 ei22 + C333 ei33 ,
ρ0 v33
= B3333 = T33

i
where the initial stress term TJJ
(J = 1, 2, 3) can be expanded as:

i
TJJ
= CJ1 ei11 + CJ2 ei22 + CJ3 ei33 .

(2.64)
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2.4

Acoustoelasticity for uniaxial loaded isotropic media

This section presents equations in isotropic media. An isotropic material is a material
whose physical properties are identical in all directions. For isotropic materials, in
addition to Lamé constants λ and µ, three independent third-order constants (TOEC)
l, m, n defined by Murnaghan [30] or ν1 , ν2 , ν3 defined by Toupin and Bernstein [43]
are required to describe the material. In this dissertation, l, m, and n are used.
Relation between TOEC systems for isotropic solids can be found in Ref [46],
TOEC play an essential role in nonlinear material characterization. In engineering
applications, TOEC have been used to evaluate applied or residual stress based on
the theory of acoustoelasticity [1, 2, 47]. Another application exploits the high sensitivity of TOEC in the evolution of different microstructural features, such as fatigue
and dislocation-related damage and thermal aging damage [5]. TOEC are typically
determined based on the acoustoelastic theory [1,48] by measuring acoustoelastic coefficients, the change of elastic wave velocity under applied stress (or strain), through
either uniaxial [48] or hydrostatic [49] compression tests. Since complicated equipment is required to produce hydrostatic pressure, a uniaxial loading test was widely
employed to extract TOEC [48, 50, 51]. This section presents the equations of wave
velocity changes for isotropic materials under uniaxial stress/strain in both natural
and initial frames of reference.
For isotropic materials, the second and third elastic moduli Cpq (p, q = 1, 2, . . . , 6)
and Cpqr (p, q, r = 1, 2, . . . , 6) can be expressed according to Eq. (2.28) and Eq. (2.30)
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as

 
0
0  λ + 2µ
λ
λ
C11 C12 C13 0

 
C

0
0 
λ + 2µ
λ
 21 C22 C23 0
  λ

 

 
C31 C32 C33 0
0
0   λ
λ
λ + 2µ

=

 
 0
  0
0
0
C
0
0
0
0
44

 

 
 0

0
0
0 C55 0 
0
0

  0

 
0
0
0
0
0 C66
0
0
0
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2.4.1


C111

C
 221


C331


C441


C
 551

C661


0 0 0

0 0 0



0 0 0


µ 0 0


0 µ 0


0 0 µ



C113  2l + 4m
2l
2l 

 

C223 
2l + 4m
2l 
  2l


 

 
C333   2l
2l
2l + 4m
.
=

 
n


m
m 
C443   m − 2


 

m − n2
m 
C553 

  m

 
n
m
m
m− 2
C663

(2.65)



C112
C222
C332
C442
C552
C662

(2.66)

Equations in the natural frame of reference

For an isotropic body subject to uniaxial stress in direction 1, the principal strains
are denoted as ei11 = ε1 , ei22 = ei33 = −νε1 , where ν is the Poisson’s ratio.
Substituting Eq. (2.65) and (2.66) into Eq. (2.53) and expanding the stress term S i
using Eq. (2.54), there are five unique wave velocities in Eq. (2.53) due to symmetry
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(V12 = V13 , V21 = V31 , V23 = V32 ):
ρ0 V112 = λ + 2µ + (3λ + 6µ + 2l + 4m)ε1 − 2(λ + 2l)νε1
ρ0 V122 = µ + (λ + 2µ + m)ε1 − (2λ + 2µ + 2m − n/2)νε1
ρ0 V212 = ρ0 V122

(2.67)

ρ0 V222 = λ + 2µ + (λ + 2l)ε1 − (4λ + 6µ + 4l + 4m)νε1
ρ0 V232 = µ + (λ + m − n/2)ε1 − (2λ + 4µ + 2m)νε1 .
Assuming the wave velocity changes due to initial uniaxial stress are small, the relative
changes in wave velocity with axial strain may be calculated:
dV11 /V110
dε1
dV12 /V120
dε1
dV21 /V210
dε1
dV22 /V220
dε1
dV23 /V230
dε1

3 l + 2m − (λ + 2l)ν
+
2
λ + 2µ
λ + m − (2λ + 2µ + 2m − n/2)ν
=1+
2µ
0
dV12 /V12
=
dε1
3ν λ + 2l − (λ + 4l + 4m)ν
=− +
2
2λ + 4µ
λ + m − n/2 − 2(λ + m)ν
= −2ν +
,
2µ
=

(2.68)

where Vij0 is the natural wave velocity under a stress-free state, which can be calculated
as Vij0 (i = j) = [(λ + 2µ)/ρ0 ]1/2 , and Vij0 (i ̸= j) = (µ/ρ0 )1/2 . dVij /Vij0 represents the
relative wave velocity change from the stress-free state to the uniaxial stress state.
For reference, in the case of hydrostatic pressure, the strain caused by pressure P
is denoted as εp . Due to the isotropic changes, unlike the case of uniaxial loading,
only the P and S wave velocities can be obtained:
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ρ0 VP2 = λ + 2µ + (6l + 4m + 5λ + 6µ)εp
ρ0 VS2 = µ + (3m −
and

2.4.2

n
+ 3λ + 4µ)εp ,
2

dVP /VP0
3l + 2m 3λ + 2µ
=1+
+
dεp
λ + 2µ
2λ + 4µ
0
dVS /VS
6m − n 3λ + 2µ
=1+
+
.
dεp
4µ
2µ

(2.69)

(2.70)

Equations in the initial frame of reference

Following the same procedures, actual wave velocities under uni-axial stress in the
initial frame of reference can be obtained by substituting Eq. (2.65) and (2.66) into
Eq. (2.63) and expanding the stress term T i using Eq. (2.64):
2
ρ0 v11
= λ + 2µ + (5λ + 10µ + 2l + 4m)ε1 − 2(λ + 2l)νε1
2
ρ0 v12
= µ + (λ + 4µ + m)ε1 − (2λ + 2µ + 2m − n/2)νε1
2
ρ0 v21
= µ + (λ + 2µ + m)ε1 − (2λ + 4µ + 2m − n/2)νε1

(2.71)

2
ρ0 v22
= λ + 2µ + (λ + 2l)ε1 − (6λ + 10µ + 4l + 4m)νε1
2
ρ0 v23
= µ + (λ + m − n/2)ε1 − (2λ + 6µ + 2m)νε1 .

The elastic wave velocities in Eq. (2.71) are equivalent to Eq. (12) in Hughes
and Kelly’s work [1], Eq. (3) in Egle and Bray’s study [48] and Eq. (39-53) in
Takahashi and Motegi’s derivations [51]. Egle and Bray’s equations of wave velocities
are based on Hughes and Kelly’s derivation but have different forms of expressions.
The analytical procedure in Takahashi and Motegi’s study [51] is different from that
of Hughes and Kelly but obtained the equivalent equations giving the propagation
velocity of an elastic wave. Eq. (2.71) in this study is based on Pao and Gamer’s
derivation [2], which is different from Hughes and Kelly’s, and Takahashi and Motegi’s
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analysis procedures.
Similarly, the relative actual wave velocity changes due to uniaxial stress can be
expressed as:
dv11 /V110
dε1
dv12 /V120
dε1
dv21 /V210
dε1
dv22 /V220
dε1
dv23 /V230
dε1

5 l + 2m − (λ + 2l)ν
+
2
λ + 2µ
λ + m − (2λ + 2µ + 2m − n/2)ν
=2+
2µ
0
dv12 /V12
=
− (1 + ν)
dε1
5ν λ + 2l + (λ + 4l + 4m)ν
=− +
2
2λ + 4µ
λ + m − n/2 − 2(λ + m)ν
,
= −3ν +
2µ
=

(2.72)

and Eq. (2.72) can be the same as Eq. (4) in Egle and Bray’s derivations [48] through
transformation.
For reference, in the case of hydrostatic pressure, the strain caused by pressure P
is denoted as εp . Due to the isotropic changes, unlike the case of uniaxial loading,
only the P and S wave velocities can be obtained:
ρ0 VP2 = λ + 2µ + (6l + 4m + 7λ + 10µ)εp
ρ0 VS2
and

2.4.3

n
= µ + (3m − + 3λ + 6µ)εp ,
2

dVP /VP0
3l + 2m 3λ + 2µ
=2+
+
dεp
λ + 2µ
2λ + 4µ
0
dVS /VS
6m − n 3λ + 2µ
=2+
+
.
dεp
4µ
2µ

(2.73)

(2.74)

Advantages of using natural wave velocities

The advantages of using natural wave velocities over actual wave velocities have been
discussed in former studies [2,44,45]. When plane waves are reflected between opposite
parallel faces of a specimen, the wave velocity is inverse of the time required for a
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round trip between opposite faces:
2L0
t

(2.75)

V = 2L0 F

(2.76)

V =

or

where F is the repetition frequency. The natural wave velocity V is proportional
to the directly measured time t or frequency F , whereas the actual wave velocity v
involves the actual length under stress [44].
According to the above Sections 2.4.1 and 2.4.2, the third-order elastic constants l,
m, n can be solved inversely by Eq. (2.68) or (2.72). Since the wave velocity changes
very little under stress and the measurement accuracy of absolute wave velocity is low,
many works use the cross-correlation function or coda wave interferometry method to
measure the relative time variation ∆t/t0 instead of t0 or t, where t0 is the travel time
before deformation/stress, t is the travel time after deformation/stress. The relative
natural wave velocity change dV /V 0 in Eq. (2.68) can be calculated by dV /V 0 =
−dt/t0 , whereas the relative actual wave velocity change in Eq. (2.72) is calculated
by dv/V 0 = dL/L0 − dt/t0 . In this study, since the target is to find the third-order
elastic constants and no residual stress is involved, the natural wave velocities and
natural coordinates are used in experiments.
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Chapter 3

THEORY OF THERMO-ACOUSTOELASTICITY

3.1

Thermo-acoustoelasticity

The previous chapter presented the theory of acoustoelasticity in the natural and
initial frame of reference. This section will extend the theory of acoustoelasticity to
include temperature variation in the natural coordinates. This section will follow the
procedure shown by Dodson [52], and a simplified version can be found in [53]. For
an anisotropic thermoelastic material, the Helmholtz free energy, ϕ(Eij , Θ) is defined
as [54–56]:
ϕ(Eij , Θ) = Û0 (Eij , Θ) − Θ[s(Eij , Θ)],

(3.1)

and
s(Eij , Θ) =

∂ϕ(Eij , Θ)
,
∂Θ

(3.2)

where Û0 (Eij , Θ) is the internal energy of an elastic system, s(Eij , Θ) is the entropy
of the material, Θ is the absolute temperature, Eij are the Lagrangian strains. The
Helmholtz free energy is more commonly expressed as A = U − T S [56] or ψ = e −
θη [55]. For isothermal elastic processes, the strain energy density function W (Eij , Θ)
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relates to the specific Helmholtz free energy function [54]:

W (Eij , Θ) = ρ0 ϕ(Eij , Θ).

(3.3)

Same as the Eq. (2.26), the second Piola-Kirchoff stresses in a hyperelastic material
satisfies
Sij =

∂W (Eij , Θ)
ϕ(Eij , Θ)
= ρ0
∂Eij
∂Eij

(3.4)

In order to obtain the acoustoelastic theory under thermal effect, the Helmholtz
free energy ϕ(Eij , Θ) is expanded using Taylor’s theorem for multivariate functions
at the natural state (Eij = 0, Θ = Θ0 ):
∂ϕ(0, Θ0 )
∂ϕ(0, Θ0 )
ϕ(Eij , Θ) = ϕ(0, Θ0 ) +
Eij +
(Θ − Θ0 )
∂Eij
∂Θ


1 ∂ 2 ϕ(0, Θ0 )
∂ 2 ϕ(0, Θ0 )
∂ 2 ϕ(0, Θ0 )
2
+
Eij Ekl + 2
Eij (Θ − Θ0 ) +
(Θ − Θ0 )
2 ∂Eij ∂Ekl
∂Eij ∂Θ
∂Θ2

1
∂ 3 ϕ(0, Θ0 )
∂ 3 ϕ(0, Θ0 )
+
Eij Ekl Emn + 3
Eij Ekl (Θ − Θ0 )
3! ∂Eij ∂Ekl ∂Emn
∂Eij ∂Ekl ∂Θ



∂ 3 ϕ(0, Θ0 )
∂ 3 ϕ(0, Θ0 )
2
3
4
E
(Θ
−
Θ
)
+
(Θ
−
Θ
)
+3
+
O
(Θ
−
Θ
)
.
ij
0
0
0
∂Eij ∂Θ2
∂Θ3
(3.5)
In the Taylor expansion above, ϕ(0, Θ0 ) is the Helmholtz free energy at the natural
state (unstressed), and assume ϕ(0, Θ0 ) = 0. Note that the stresses and entropy are
zeros at the natural state, s(0, Θ0 ) = Sij (0, Θ0 ) = 0, then
∂ϕ(0, Θ0 )
∂ϕ(0, Θ0 )
=
= 0.
∂Eij
∂Θ

(3.6)

In Eq. (3.5), the second- and third-order partial derivatives with respect to tem-
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perature and strain can be substituted using the notations
∂ 2 ϕ(0, Θ0 )
Cijkl
∂ 2 ϕ(0, Θ0 )
βij
∂ 2 ϕ(0, Θ0 )
=
,
=− ,
=p
∂Eij ∂Ekl
ρ
∂Eij ∂Θ
ρ
∂Θ2
Cijklmn
∂ 3 ϕ(0, Θ0 )
∂Cijkl
γijkl
∂ 3 ϕ(0, Θ0 )
=
,
=
=−
∂Eij ∂Ekl ∂Emn
ρ
∂Eij ∂Ekl ∂Θ
∂Θ
ρ
3
3
∂ ϕ(0, Θ0 )
ηij
∂ ϕ(0, Θ0 )
∂βij
=
,
=
= q,
2
∂Eij ∂Θ
∂Θ
ρ
∂Θ3

(3.7)

where Cijkl and Cijklmn are the second- and third-order elastic moduli as described
in previous sections, βij is the stress-temperature tensor, γijkl is the linear change of
Cijkl with temperature, ηij is the linear change of βij with temperature, and p and q
are the second and third order thermal energy terms.
Substituting the above notations in to Eq. (3.5), and let θ = (Θ − Θ0 ), the strain
energy density W (Eij , Θ) and the second Piola-Kirchoff stresses can be written as
pθ2 1
1
+ Cijklmn Eij Ekl Emn
W (Eij , Θ) = Cijkl Eij Ekl − βij Eij θ +
2
2
6
1
qθ3
1
,
− γijkl Eij Ekl θ − ηij Eij θ2 +
2
2
6

(3.8)

and
Sij (Eij , Θ) =

∂W (Eij , Θ)
∂Eij

1
1
= Cijkl Ekl − βij θ + Cijklmn Ekl Emn − γijkl Ekl θ + ηij θ2
2
2
1
= (Cijkl − γijkl θ) Ekl + Cijklmn Ekl Emn − (βij − ηij θ) θ.
2

(3.9)

It can be seen that the elastic moduli are temperature-dependent. If there is no
temperature variation, θ = 0, the strain energy density, and the constitutive stresses
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become the same as Eq. (2.25) and (2.27):
1
1
W (Eij , 0) = Cijkl Eij Ekl + Cijklmn Eij Ekl Emn
2
3!

(3.10)

1
Sij |θ=0 = Cijkl Ekl + Cijklmn Ekl Emn .
2

(3.11)

and

In the case of temperature variation θ, the second order elastic moduli Cijkl and
the stress-temperature tensor βij after involving temperature effect can be rewritten
as:
θ
Cijkl
= Cijkl − γijkl θ,

(3.12)

βijθ = βij − ηij θ.

(3.13)

and

Then the second PiolaKirchoff stress can be written as
1
θ
Sijθ = Cijkl
Ekl + Cijklmn Ekl Emn − βijθ θ.
2

(3.14)

Assuming that the elastic moduli and stress temperature tensor does not change with
temperature, i.e., γijkl = 0 and ηij = 0, then
1
Sijθ = Cijkl Ekl + Cijklmn Ekl Emn − βij θ,
2

(3.15)

and the linear thermo-elastic stresses are

Sijθ = Cijkl ekl − βij θ.

where Lagrangian strains Ekl are approximated by Cauchy strains ekl .

(3.16)

49

3.2

Thermally induced acoustoelastic effect in isotropic media

Under temperature change θ, the equation of motion in Eq. (2.39) in the natural
coordinates can be rewritten as

Aθαβγδ

∂ 2 uγ
∂ 2 uα
= ρ0 2 ,
∂ξβ ∂ξδ
∂t

(3.17)

where
θ
Aθαβγδ = Sβδ
δαγ + Γαβγδ

=

(Cβδλρ eiλρ

− ββδ θ)δαγ

(3.18)
∂uiγ
∂uiα
i
+ Cαβγδ + Cαβρδ
+ Cρβγδ
+ Cαβγδϵη eϵη ,
∂aρ
∂aρ

where linear thermoelastic stresses in Eq. (3.16) are substituted. For isotropic materials, the thermal term βij in Eq. (3.18) can be written as [55]

βij = (3λ + 2µ)αT δij ,

(3.19)

where αT is the isotropic coefficient of thermal expansion.
3.2.1

The case of initial biaxial stress and temperature change

For an isotropic medium with applied stresses σ11 and σ22 along the axis ξ1 and
ξ2 and assuming the shear stresses are zeros, the linear Cauchy strain and second
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Piola-Kirchoff relationship in Eq. (3.16) using Voight notation as
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(3.20)

Inverting this relationship gives
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(3.21)

Since the shear stresses are zeros, and only pure loads are present, the rotation
terms are zeros in this stress configuration,

i
rij

1
=
2



∂uii ∂uij
−
∂ξj
∂ξi


= 0.

(3.22)

Therefore
∂uii
i
= rij
+ eiij = eiij .
∂ξj

(3.23)
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The thermo-acoustoelastic tensor Aθαβγδ in Eq. (3.17) can be written as
Aθαβγδ = (Cβδλρ eiλρ − ββδ θ)δαγ + Cαβγδ + Cαβρδ eiγρ + Cρβγδ eiαρ + Cαβγδϵη eiϵη .

(3.24)

Aθαβγδ for an initially isotropic material with biaxial stresses σ11 , σ22 and thermal
variations can be expressed in isotropic forms using Eq. (2.28) and Eq. (2.30). For
example, the expression for Aθ1111 is
Aθ1111 =λ + 2µ + 2αθ(3l + 2m + λ + 2µ) +
−

2λ2 + 9λµ + 4m(λ + µ) + 2µ(l + 3µ)
σ11
µ(3λ + 2µ)

−2lµ + λ(2m + λ + 2µ)
σ22 .
µ(3λ + 2µ)
(3.25)

3.2.2

The case of stress-free media

In an initially isotropic material, when the structure has free-free boundary conditions
and an isothermal temperature variation occurs, the initial stress on the system is
zero, and the non-zero strain comes from thermal expansion. From Eq. (3.16),

θ
Sαβ
|σ=0 = Cαβγδ eiγδ − βαβ θ = 0,

eiαβ = αθδαβ .

(3.26)

Then the thermo-acoustoelastic tensor Aθαβγδ in Eq. (3.17) can be written in isotropiclike forms [52, 53]:
Aθijkl |σ=0 = (λ + αθ(6l − 2m + n + 2λ))δij δkl



1
+ µ + αθ 3m − n + 2µ
(δik δjl + δil δjk ) .
2

(3.27)
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Similar to Eq. (2.67), by letting εT = αT θ, the natural P wave and S wave velocities
are
ρ0 VP2 = Aθ1111 |σ=0 = λ + 2µ + εT (6l + 4m + 2λ + 4µ)
ρ0 VS2 = Aθ2121 |σ=0 = µ + εT (3m −

n
+ 2µ).
2

(3.28)

Note that only two unique wave velocities exist due to the isotropic thermal expansion.
Assuming the wave velocity changes due to thermal expansion are small, the
relative changes in wave velocities with thermal strain may be calculated:
3l + 2m
dVP /VP0
=1+
dεT
λ + 2µ
0
6m − n
dVS /VS
=1+
.
dεT
4µ

(3.29)

The case of thermal strain is similar to the hydrostatic case since the strains are
isotropic in both cases. To compare the effects of thermal strains and mechanical
strains on the wave velocities in a material, relative wave velocity changes due to
hydrostatic pressure is presented here, as shown in Eq. (2.70):
3l + 2m 3λ + 2µ
dVP /VP0
+
=1+
dεp
λ + 2µ
2λ + 4µ
0
dVS /VS
6m − n 3λ + 2µ
=1+
+
.
dεp
4µ
2µ
By comparing Eqs. (3.29) and (2.70), it can be found that their first two terms are
the same, but there is no stress term under the thermal strain, which is the third
term in Eq. (3.29).
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Chapter 4

CALCULATION OF ULTRASONIC WAVE VELOCITY
CHANGES USING STRETCHING TECHNIQUE

This chapter is published: B. Zhong and J. Zhu, “Applications of Stretching Technique
and Time Window Effects on Ultrasonic Velocity Monitoring in Concrete,” Appl.
Sci., vol. 12, no. 14, p. 7130, 2022.
Previous chapters present the theoretical frameworks of mechanically and thermally induced acoustoelasticity. To obtain the acoustoelastic coefficients or the thirdorder elastic constants l, m, and n, we need to correlate the relative ultrasonic wave
velocity changes dV /V to the strain (mechanical or thermal). In most cases, the relative wave velocity changes due to stress or temperature change are very small, while
high precision is required.
In homogeneous materials, such as metal, the small ultrasonic velocity changes
can be calculated using cross-correlating signals that have been pulse-echoed many
times. In heterogeneous materials, the calculation of dV /V becomes more complex
due to wave scatterings and reflections. Concrete, for example, is a heterogeneous
material, even though it is considered homogeneous in macro-scale [57], in linear and
nonlinear analysis, and design purposes.
This chapter introduces the use of coda wave interferometry (CWI) to calculate
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small dV /V in concrete. The method and procedures can also be applied to heterogeneous and homogeneous materials. The content of this chapter has been presented
in our recent publication [58].

4.1

Coda wave interferometry and stretching technique

An ultrasonic coda wave is the tail part of a wave signal corresponding to the diffuse wave field. Because a coda wave is scattered and reflected multiple times in a
medium, it has a high sensitivity to minor changes in material, either caused by a
uniform property change or localized scatters. The time-lapse changes in the coda
wave are typically calculated using coda wave interferometry (CWI) [59–61] by crosscorrelating the disturbed and reference signals.
The CWI analysis evaluates the relative wave-velocity change dV /V between two
coda wave signals by measuring the relative time shift dt/t, which can be estimated
in two ways: doublet method [59] and stretching method [62]. The doublet method
measures time shifts dt of many short segments at times t and then evaluates the relative time shift dt/t. The stretching method assumes a uniform wave velocity change
in the medium so that the perturbed signal is a stretched or compressed version of
the reference signal. Hadziioannou et al. [63] measured temperature-induced velocity
change in concrete and found that the stretching method gives stable results even for
signals with a low signal-to-noise ratio (S/N). Because this study will analyze short
time windows in a signal, only the stretching method will be used in the following
analysis.
In the stretching analysis, the perturbed signal S1 is interpolated at times t(1 + ε)
with a stretching factor ε to obtain S1′ , and then compared with the reference signal
S0 by calculating the cross-correlation coefficient (CC ):
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R t2

S1 [t(1 + ε)]S0 [t]dt
CC(ε) = qR t1
Rt
t2 2
S1 [t(1 + ε)]dt t12 S02 [t]dt
t1

(4.1)

where [t1 , t2 ] is the selected time window for calculation. The stretching parameter
εmax that maximizes the cross-correlation coefficient is regarded as the relative time
shift −dt/t, and then the relative wave velocity change dV /V = −dt/t = εmax [59,62].
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Figure 4.1 illustrates the stretching technique on two ultrasonic waveforms.
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Figure 4.1: Stretching technique on two ultrasonic signals acquired from a stress-free
state S0 , and a stressed state S1 . The red dash line is the stretched and interpolated
signal S1′ with stretching parameter εmax .
According to Snieder’s research [64], for a Poisson medium, the CWI analysis
result is primarily affected by the wave velocity variation of S waves. Therefore, in
the case of homogeneous velocity changes, the CWI analysis result is close to the S
wave-velocity change. On the other hand, if the velocity change is inhomogeneous,
the CWI analysis result may depend on the selected time window positions of the
signal. This difference has been explained theoretically by many researchers in their
studies [65–68], and the time-dependency of sensitivity kernels may be used to image
local changes in media.
The heterogeneous structure of concrete promotes the rapid formation of a diffuse
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field. Therefore, CWI has been used to investigate small velocity changes induced
by the acoustoelastic effect or nonlinear ultrasonic waves in concrete. Larose and
Hall [69] reported that the CWI technique could give a resolution of 2 × 10−5 relative wave-velocity change in concrete induced by uniaxial stress. Payan et al. [50]
extracted the third-order elastic constants in concrete by measuring dV /V in different propagation and polarization directions under uniaxial stress. CWI also shows
advantages in nondestructive evaluation (NDE) for very slow and weak changes in
the material. For example, Liu et al. [70] used the CWI method to monitor the selfhealing process of internal cracks in biomimetic mortar due to the biomineralization
effect. Their experimental results showed that the biomimetic samples cured with
nutrition spray showed a higher velocity increase than other test groups. Recently,
Sun and Zhu [37] developed a nonlinear thermal modulation ultrasonic test for concrete damage evaluation by measuring the sensitivity of relative velocity changes to
temperature variations. They also used this method to determine the absolute values
of nonlinear acoustic parameters α, β, δ by using the temperature change as a driving
force of nonlinear response of materials [9]. Zhong and Zhu [71] derived the theoretical formulas and validated this method on metals. In all the references reviewed
above, the CWI method can measure very small wave velocity changes, which would
not be accurately measured using the conventional time of flight method.
Many studies used CWI for the measurement of velocity variation in the uniaxial
loading test to investigate the acoustoelastic effect in concrete or rock [50, 69, 72–
75]. Because the uniaxial loading test causes inhomogeneous stress field and velocity
change in the concrete, CWI analysis results vary with the selected time windows
in the signals. Grêt et al. [72] found the relative wave-velocity changes at different
time windows varied between 0.7% and 1.28 % in Berea sandstone due to a uniaxial
stress increase of 2 MPa. Payan et al. [50] also reported varying values of dV /V when
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determining the third-order elastic constants in concrete using CWI analysis. In
both studies, these authors calculated the mean values of velocity variations obtained
in different time windows. Deraemaeker and Dumoulin [76] applied the stretching
technique to the direct wave instead of the coda wave in a concrete beam loading
test, where the end of the direct wave was based on the observation that signals
did not show significant changes before cracking occurred. Zhan et al. [73] directly
calculated the velocity changes using full-length waveforms instead of a specific part
to remove the time dependence. It can be seen that researchers adopted different
time windows in CWI analysis, while some results are significantly affected by the
time window selection.
With an increasing research interest in coda wave analysis and wide applications
of CWI for NDE of concrete, the authors believe there is a need to discuss time
window effects on CWI analysis results and extend CWI to direct wave analysis
before diffuse wavefield forms in the medium. Direct wave velocities are often needed
in the nonlinear ultrasonic analysis and the determination of elastic constants. This
paper presents three applications of wave velocity monitoring in concrete: (1) earlyage hydration, (2) temperature change, and (3) uniaxial loading. In all experiments,
the stretching method is applied to the direct waves to extract the relative velocity
changes of the direct P wave and S wave in concrete, which are compared with the
CWI analysis results. It is found that the CWI cannot be used to determine the
third-order elastic constants or acoustoelastic coefficients because the coda wave does
not maintain clear wave propagation and polarization directions.
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4.2

Early-age concrete

Since the 1980s, ultrasonic wave velocity has been used to monitor early-age cementbased materials to predict the setting time and early-age strength development [77–
80]. In most cases, the time of flight (TOF) of ultrasonic P or S waves was used
to determine the wave velocity. Ultrasonic wave velocities in fresh concrete rapidly
increase during the first 24 h and gradually approach a constant value. The TOF
method has sufficient resolution to monitor the concrete hydration process at a very
early age (before 24 h). However, accurately tracking the velocity change after 24 h is
difficult. In this section, the relative wave-velocity change was monitored in concrete
after 24 h using the stretching technique.
Cement hydration leads to homogeneous changes in concrete properties, including
strength, elastic modulus, and wave velocities, increasing with concrete age. The P
wave velocity VP and S wave velocity VS in elastic media can be expressed as
s
VP =

E(1 − ν)
ρ(1 + ν)(1 − 2ν)
s

VS =

E
2ρ(1 + ν)

(4.2)

(4.3)

where ρ is the mass density, ν is Poisson’s ratio, and E is the modulus of elasticity.
The ratio between VP and VS depends on Poisson’s ratio.
A concrete cylinder with a diameter of 100 mm and a height of 200 mm was used
for ultrasonic monitoring. The concrete cylinder was demolded after 24 h of mixing.
Then two piezoelectric (PZT) discs (10 × 2 mm) were installed on the two opposite flat
ends of the cylinder as the ultrasonic transmitter and receiver. An Olympus 5077PR
ultrasonic square wave pulser/receiver was used to drive the PZT transmitter. The
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pulse duration was set for optimum driving at around 100 kHz. The received signals
were acquired by a digital oscilloscope PicoScope® 4824 at the sampling rate of 40
MS/s, and the duration of each signal was 1 ms. Each signal was averaged ten times
to increase the signal-to-noise ratio. The ultrasonic signals were recorded every 20
min during 30–115 h of concrete age. Figure 4.2 illustrates the ultrasonic monitoring
test setup.

Figure 4.2: Schematic diagram illustrating the experimental setup for ultrasonic monitoring in all experiments. Additional sensors (thermocouple or load cell) were added
in the temperature change and uni-axial loading test.
Figure 4.3 shows two ultrasonic signals recorded at the 75th hour and 80th hour
of concrete age. The two insets of the figure show the details of the early part
and the coda part of the signals. Since velocity change becomes very slow at this
age, the two signals are almost identical in the early part, and it is challenging to
accurately measure the change of TOF based on the first arrivals of a signal. The
coda parts, instead, show a clear time shift. The red signal (80 h) is ahead of the blue
signal, indicating an increase in velocity with concrete age. The P wave and S wave
dominate in the early time windows before 0.2 ms. Before the direct S wave arrival,
the P wave part signal is within the time range of tP ∼ 1.5tP . Because the PZT
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discs vibrate in the radial mode, a strong S wave is generated, which can be clearly
distinguished from the P wave signal. Although the P wave part may contain a small
amount of mode-converted S wave energy, and the S wave part contains some P wave
energy, each window is dominated by P and S wave energy, respectively. In these
short time windows, The relative velocity changes dV /V calculated through crosscorrelation analysis is determined by the dominating wave component. Therefore,
dV /V calculated in the P and S wave windows can be regarded as the relative velocity
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Figure 4.3: Two ultrasonic signals recorded at ages of 75 and 80 hours. The insets
show a large time shift in the coda wave.
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Figure 4.4: Stacked ultrasonic signal image shows the trend of time shifts in early-age
concrete.
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To show the overall trend of velocity change with age, all signals are stacked
together to form an image with axes of signal time (horizontal) and concrete age
(vertical), as shown in Figure 4.4. This method has been used by Zhu et al. [81, 82]
to manually trace the P or S wave arrivals based on the trend of waveforms. It can
be seen that the P wave arrival times (the very early part before 0.09 ms) show very
little change during the entire monitoring period, while the coda waves show a clear
and measurable time shift with aging. The coda wave has a similar changing trend to
the S wave. However, it becomes more pronounced later, and the coda wave signals
maintain a good correlation (clear trend) during the entire monitoring period.
Figure 4.5 gives the calculated relative wave velocity change between signals
recorded at the 75th hour and 80th hour. A moving time window with a width
of 0.1 ms and a step of 0.05 ms is used for stretching analysis. It can be seen that
different time windows give the same dV /V results. The cross-correlation coefficient
CC(εmax ) calculated at each moving time window is above 0.99, which indicates a
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very weak distortion between these two signals.
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Figure 4.5: Relative velocity change calculated at different time window locations,
between two signals collected at the 75th and 80th hours.
To study the window effect, the stretching method was applied to four time windows for all signals: the p wave part, the S wave part, the coda wave part, and the
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Figure 4.6: Relative wave velocity changes and Poisson’s ratio development calculated
from different time windows. The reference signal was obtained at 30 hours.
full-length signal to measure the velocity change during concrete hydration. Figure 4.6
shows the relative velocity change calculated from the four time windows. All curves
indicate that the wave velocities increase with the age of concrete. Similar results
were obtained on the coda wave, full-length signals, and the S wave windowed signals.
This result is consistent with the conclusions given by Weaver [83] and Snieder [64]
that the S wave energy dominates the diffuse wave. P wave has a smaller dV /V
than S wave, which supports conclusions from previous studies [84–86]: the relative S
wave velocity increases faster than the P wave velocity during the early-age-cementhydration stages. This phenomenon is related to the microstructure development in
early concrete. Continued cement hydration contributes to the formation of the solid
phase, which increases the shear modulus and shear wave velocity. In contrast, the P
wave velocity is affected to a lesser degree because the P wave can propagate in both
the fluid and solid phases.
It is well known that Poisson’s ratio decreases when fresh concrete changes from
a fluid-like state to a solid state. Although Poisson’s ratio can be calculated from the
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ratio of VP to VS , the very slow velocity changes after 24 hours of concrete age will
induce large errors in wave velocity measurements and Poisson’s ratio calculation. At
a very early age t0 , the wave velocities (VP0 , VS0 ) can be measured with relatively small
errors due to large travel times, and a reference Poisson’s ratio ν0 could be reliably
determined. Then ν1 at a later age can be calculated based on the relative velocity
change in the P wave and S wave using the following relationship:
V2
(1 + ∆VP /VP0 )2 1 − ν0
1 − ν1
= P2 =
1 − 2ν1
2VS
(1 + ∆VS /VS0 )2 1 − 2ν0

(4.4)

In this study, we used the P wave and S wave velocities at 30 h in the concrete
cylinder as a reference, which were 4211 m/s and 2470 m/s. The Poisson’s ratio is
calculated as 0.238 using Eq. (4.5)

ν=

VP2 − 2VS2
2 (VP2 − VS2 )

(4.5)

Figure 4.6 also shows the development of Poisson’s ratio with concrete age up to 5
days. The Poisson’s ratio decreases from 0.238 at 30 h to 0.23 at 58 h and stays
constant. The change of Poisson’s ratio in concrete is minimal (less than 5%) after 30
h, which agrees with the result in reference [85]. By applying the stretching technique
analysis to signal windows dominated by P and S waves, the changes in wave velocities
and Poisson’s ratio can be calculated with improved accuracy compared to the TOF
method.
Because hydration-induced property change is homogeneous in concrete, the stretching technique method can be applied successfully to the coda wave part (CWI) to
estimate shear wave-velocity change, and window positions have minimal effect on
the result. In the study of Liu et al. [87], the S wave velocity proved to be a more
reliable indicator than the P wave velocity for monitoring the setting and hardening
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process of cementitious materials. Unlike the P wave, the exact arrival time of the
S wave is difficult to determine. From our experimental results, the wave-velocity
change of the coda wave can be used to represent S wave-velocity change with high
resolution.

4.3

Temperature effect

Temperature change significantly affects ultrasonic wave velocities in metals, rock,
and concrete [37, 72, 88, 89]. Temperature effects are commonly considered undesired
noise in ultrasonic measurements. Zhang et al. [74] proposed using a reference sample
identical to the test sample to compensate for the temperature change effect. However,
a reference sample is not always available in engineering practice, and the temperature
effects on the reference are not always the same as in the test structure. Recently,
Sun and Zhu [9] used the relationship between wave velocity and temperature to
determine the acoustic nonlinearity parameters and evaluate concrete samples with
alkali-silica reaction (ASR) damage. They found that the damaged concrete samples
showed higher sensitivity to temperature than the control samples. In their study,
CWI was used to determine the relative wave-velocity change with temperature.
Weaver [88] reported that the temperature dependence of wave velocity is different
for the P wave and S wave. Because the relative contributions of P and S waves vary
with time window positions in a signal, the CWI analysis results also vary with
window positions. This section presents the application of the stretching technique
to different parts of signals, and the results are compared.
Similar to the test setup in Section 4.2, two PZT discs (10 × 2 mm) were attached to the opposite flat ends of a concrete cylinder at a distance of 200 mm. The
P wave velocity of the concrete cylinder was measured at 4600 m/s, and the com-
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pressive strength was 48 MPa. Ultrasonic signals of 1.8 ms duration were acquired
every 2 min. Another concrete cylinder containing a surface and an internal thermocouple was used to monitor the temperature changes during the measurement.
These two concrete cylinders were placed in an environmental chamber for heating
at a temperature-change rate of 1 ◦ C/h to avoid a large thermal gradient. Figure 4.7
shows two ultrasonic signals acquired at 27 ◦ C and 29 ◦ C. It can be seen that the
latter part shows larger time shifts than the early part of the signal. The stretching
technique was applied to the following signal window positions: P wave part, S wave
part, full-length signal, and moving time windows. The determination of P and S
wave parts still follows the same procedure as in the early-age concrete test.
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Figure 4.7: Two ultrasonic signals collected at 27 ◦ C and 29 ◦ C. Three zoomed insets
show the time shifts at different window locations.
Figure 4.8 presents the relative velocity change vs. temperature variation using
different time windows. It should be noted that the calculated slope values α in
Figure 4.8 include the thermal expansion effect. The relative time shift dt/t or velocity
change dV /V calculated using the stretching technique method includes temperatureinduced velocity change and length change caused by thermal expansion. The actual
temperature-induced relative velocity change is dV /V − αT ∆T , after correction of
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Figure 4.8: Relative velocity changes of P- and S-waves with temperature.
-0.05

%/oC

-0.06
-0.07

P wave part
S wave part
Full-length
Moving window

-0.08
-0.09
-0.1

P

S

F

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

1.3

1.4

1.5

1.6

Time window location

Figure 4.9: Calculated α = dV /V /∆T using different time windows. Time window
locations P, S, and F represent the direct P wave, S wave, and full-length signal.
Other time window locations represent a 0.2 ms wide moving window centered from
0.2 ms to 1.6 ms with a step of 0.1 ms.
thermal expansion-induced length change (thermal strain), where αT is the coefficient
of thermal expansion. The stretching analyses on the full-length signal and the S wave
part give very close results, consistent with the theory that CWI is more sensitive to
perturbations on the S wave velocity than on the P wave velocity [64]. Snieder also
showed that the relative velocity change of the coda wave is the weighted average of
the P and S velocity perturbation given by
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dV
dVP
dVS
= 0.09
+ 0.91
V
VP
VS

(4.6)

Figure 4.9 shows the calculated α = dV /V /∆T for different time window positions.
A time window of 0.2 ms wide moved from 0.2 ms to 1.6 ms (center) with a step of 0.1
ms. The first three data points represent results from the windowed P wave, S wave,
and full-length signals. The P wave velocity has a larger change (−0.089%) than the
S wave velocity (−0.054%), while the S wave, the coda, and the full-length signal give
similar results. This result is not surprising because the high amplitude of the S wave
dominates the full-length signal. The coda wave-velocity change is slightly larger than
the S wave change and agrees with the weighted average of 0.058% calculated from
Eq. (4.6).

4.4

Concrete subject to uniaxial stress

Acoustoelastic effect [30, 48] refers to the linear relation between wave velocities and
stress in elastic materials. Under the uniaxial stress σ11 , the wave velocities can be
expressed as (to the first order) [7]:

Vijσ = Vij0 (1 + αij σ11 )

(4.7)

where Vijσ is the wave velocity under the uniaxial stress σ11 , and Vij0 is the wave
velocity under a stress-free state. The subscript ij stands for the wave propagation
direction and polarization direction. αij is defined as the acoustoelastic coefficient,
which depends on the second- and third-order elastic constants (Lamé and Murnaghan
constants), wave propagation, and polarization directions.
In this study, we measured acoustoelastic coefficients on a 100 mm × 200 mm
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Figure 4.10: Experimental setup of uniaxial loading test on a 100 mm × 200 mm
concrete cylinder.
concrete cylinder. The concrete cylinder has a compressive strength of 55 MPa, and
a P wave velocity of 4650 m/s. The experimental setup is shown in Figure 4.10. Three
PZT discs (10 × 2 mm) were installed on the surface of the cylinder using epoxy. As
shown in the figure, one PZT disc was used as an ultrasonic transmitter, and two
other PZT discs were receivers. The receivers are named the transverse receiver
(⊥ receiver) and the parallel receiver (// receiver) based on the wave propagation
directions relative to the loading direction. The source-receive spacing was 100 mm
in the transverse direction and 60 mm in the parallel direction. The concrete cylinder
was preloaded to 8 MPa for one cycle to make it stable for the following loading and
ultrasonic measurement. After preloading, the concrete cylinder was loaded at a rate
of 20 kPa/second to 8 MPa and then unloaded for three cycles. A load cell was placed
under the concrete cylinder to record the loading process.
The ultrasonic measurement setup was similar to that used in the previous earlyage concrete and temperature effect tests, with some modifications to sampling pa-
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rameters. Signals were sampled at 40 MS/s with a duration of 1.6 ms and recorded at
an interval of 2 s during the loading process. Each signal was averaged ten times to
increase the signal-to-noise ratio. A LabVIEW program was developed to control the
data acquisition system and synchronize ultrasonic and loading data. An example
signal received by the parallel receiver is shown in Figure 4.11.
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Figure 4.11: A typical ultrasonic signal received by the parallel receiver.
To clearly show the time shift trend with stress, we first extract all zero-crossing
points from the signals and then connect the zero-crossing points to form an image, as
shown in Figure 4.12. The horizontal axis represents signal time, and the vertical axis
represents loading steps, with corresponding stress shown to the left. Figure 4.12a,b
present the signal images, which give the first arrival times of 0.013 ms and 0.02 ms for
the parallel and transverse receivers, respectively. The time shifts in both directions
follow the trend of stress variation, but their sensitivities and coherence vary with the
time window. Overall, the time shift becomes more pronounced with increasing signal
time. When the time shifts become too large, or signals show large distortions, the
images do not show good correlations with the stress pattern, such as in the window
[0.14, 0.175] ms in Figure 4.12a, and [0.145, 0.185] ms in Figure 4.12b.
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(a) Parallel direction

(b) Transverse direction

Figure 4.12: Zero-cross images of ultrasonic signals show time shifts in the parallel and
transverse directions with uniaxial stress change. The horizontal axis represents signal
time, and the vertical axis represents load steps for 40 minutes, with corresponding
stress on the left.
Figure 4.13 shows the relative velocity change vs. stress by analyzing the direct
P wave and full-length signals in the parallel and transverse directions. Only the
results from the first loading cycle are presented because the three loading cycles give
similar results. The relative velocity change dV11 /V11 of the P wave in the parallel
direction shows the highest sensitivity (0.268%/MPa) to stress change when the wave
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Figure 4.13: Relative velocity change vs. stress by applying the stretching technique
to the P wave part and full-length signals in parallel and transverse directions.
propagation and polarization directions align with the stress direction. P wave velocity has the least sensitivity in the transverse direction (dV22 /V22 = 0.023%/MPa).
These results agree with previous findings by other researchers [7, 90]. However, if
the full-length signals were analyzed, the acoustoelastic coefficients calculated from
both directions would become very close (0.121%/MPa and 0.105%/MPa). The P
wave velocity in the transverse direction was expected to decrease with stress owing
to Poisson’s effect, but it increased in the uniaxial loading experiment. This behavior
was also observed in other studies [7]. The authors believe this phenomenon was
caused by the circumferential restraint due to end zone friction when the concrete
cylinder is under compression [91, 92].
To investigate the time window effects on measurements of acoustoelastic coefficients, a moving time window with a width of 0.2 ms was used for stretching technique
analysis. The center time of the window moved from 0.1 ms to 1.5 ms. Figure 4.14
summarizes the calculated acoustoelastic coefficients in both directions using differ-
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ent time windows. For a time window before 0.25 ms, the acoustoelastic coefficients
measured in two directions have a clear difference, and α11 in the parallel direction
is larger than α22 in the transverse direction. After 0.25 ms, which is more than ten
times the first arrival time (0.015 to 0.02 ms), the calculated acoustoelastic coefficients in both directions become very close. This indicates that the coda wave does
not show directivity toward the stress direction. Although the coda wave velocity
still increases with stress level (positive α), which is similar to the full-length signal
result in Figure 4.13, the α value measured from the coda wave or full-length signal
is different from α11 and any acoustoelastic coefficient αij in Eq. (4.7).
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Figure 4.14: Calculated acoustoelastic coefficients in two directions at different time
windows. The window center moves from 0.1 ms to 1.5 ms with a window width of
0.2 ms. The first data point represents stretching technique analysis on the P wave
signals.
Compared to the concrete hydration and temperature change experiments, the relative velocity change due to uniaxial loading shows more variation. Weak anisotropy
caused by the uniaxial stress results in non-uniform strain and wave-velocity changes
in different time windows. In a uniaxial experiment on a concrete cylinder, Payan
et al. [50] also noticed large fluctuations of CWI calculated dV /V with window positions.
Lillamand et al. [7], Bompan and Haach [90] reported that the acoustoelastic
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effect was the most significant when the wave propagated and polarized in the stress
direction. Therefore, the P wave propagating in the stress direction shows the largest
velocity change. However, if the full-length signals are analyzed, the relative velocity
changes show little difference between the two directions. In the cylinder test, the
acoustoelastic coefficients were α11 = 0.105 %/MPa in the stress direction, and α22 =
0.121 %/MPa in the non-stress direction, respectively. After multiple scatterings,
the fully diffused wave has random propagation and polarization directions, and they
no longer follow the direct wave path. Signals at different windows contain different
wave types, polarization, and propagation directions, which causes variations in the
relative velocity change calculation. Therefore, the relative velocity changes dV /V
calculated from the coda wave, or the full-length signal cannot be used to calculate
the corresponding acoustoelastic coefficients.
Theoretically, the acoustoelastic effect may be used for stress evaluation in concrete by comparing the velocity difference between the stressed and non-stressed conditions. However, it is difficult to accurately measure the very small velocity difference between different concrete samples due to the heterogeneity and large variation
of concrete properties. Results presented in this study provide a potential solution by
measuring the in situ velocity difference between two directions (α11 and α22 ) on the
same concrete structure member, which reduces the material variations and temperature effect. For this purpose, the stretching technique should be applied to the direct
P wave part signals in the stressed and the non-stressed directions. This approach
has been applied to a full-scale concrete bridge girder to monitor the prestress release
process by the authors [75].
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4.5

Conclusions

The stretching technique and CWI have been used to measure minor wave-velocity
changes in concrete. Their high sensitivity has attracted much research interest in
different NDE applications, including the evaluation of microcracking damage, healing, stress estimation, and temperature effects. However, many researchers starting
in this field often need clarification about the interpretation of the CWI results. This
study presents three experimental cases for applying the stretching technique: earlyage hydration, temperature change, and uniaxial compressive loading. The first two
cases cause homogeneous velocity change. Based on the experimental results, the
following conclusions can be drawn:
1. In very early-age concrete, the P and S wave arrivals can be easily determined
using the first arrivals with little error. However, after 24 h, the measurement
error will increase when the wave arrivals become short, and their changes
become very slow. Using the P and S wave arrivals at a very early age as the
reference values, the stretching technique can then be used to track the changes
in wave velocities and Poisson’s ratio with high accuracy after 24 h. Because
the material property change is homogeneous, stretching analysis on the coda
wave, the S wave, and the full-length signal give similar results. The stretching
technique provides an easy solution to monitor the S wave-velocity change in
early-age concrete accurately.
2. Uniform temperature change causes homogeneous velocity change in the concrete, so stretching analysis on the coda wave gives consistent results for different time windows. The P and S wave-velocity change can be calculated by
only applying the stretching procedure to P and S wave part signals. If the
signal does not show a clear S wave pulse, the S wave-velocity change may be
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derived from Eq. (4.6). The relative velocity changes dVP /VP and dVS /VS due
to temperature change can be used to calculate the third-order elastic constants
in concrete [71].
3. Uniaxial compressive loading generates non-uniform strain field and velocity
changes in concrete. Therefore, the stretching result of the coda wave varies
with the window time and does not show directivity to the stress direction. This
is because the diffuse wave has random propagation and polarity directions due
to multiple scattering in the medium.
4. In order to measure acoustoelastic coefficients or third-order elastic constants
using the uniaxial loading test, we must use direct P or S waves, which maintain
clear propagation and polarity direction. The direct waves give different dV /V
along with the stressed (11) and non-stressed (22) directions. This property
may be used to evaluate the stress level in large prestressed concrete structural
members [75].
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Chapter 5

EXPERIMENTS ON HOMOGENEOUS MATERIALS

Previous chapters present the theoretical background of acoustoelasticity, thermally
induced acoustoelastic effect, and coda wave interferometry (CWI) to accurately measure small ultrasonic velocity changes. This chapter will present the experiments to
validate the acoustoelasticity in homogeneous materials.
In the experiment with the aluminum block, the third-order elastic constants
(TOEC) l, m, and n will be obtained from both the uniaxial loading test and thermal
modulation test, representing stress-induced acoustoelasticity and thermally induced
acoustoelasticity, respectively.
In Section 1.3.6, we have introduced the thermal modulation method and discussed
the advantages of this approach, especially in field testing. Successfully verifying the
theory from experiments will significantly increase the feasibility of this approach.
The content of this chapter on experiments with the aluminum block has been
published in Applied Physics Letters [71].

5.1

Third-order elastic constants

As mentioned in Section 2.4, the third-order elastic constants (TOEC) play an essential role in nonlinear material characterization. In engineering applications, TOEC
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have been used to evaluate applied or residual stress based on the theory of acoustoelasticity [1, 2, 47]. Another application exploits the high sensitivity of TOEC in the
evolution of different microstructural features, such as fatigue and dislocation-related
damage and thermal aging damage [5].
In recent years nonlinear acoustic techniques have attracted considerable attention
in nondestructive evaluation (NDE) owing to their high sensitivity to microscopic
defects that often remain hidden from linear techniques [3, 5]. In particular, for a
one-dimensional longitudinal wave (P wave) propagating in an isotropic material, the
nonlinearity parameter β can be expressed as β = −3 − (2l + 4m)/(λ + 2µ) [5]. In
most studies, nonlinear parameters are typically measured as relative values since
measuring the absolute values requires tedious calibration of the testing system and
transducers in measuring the absolute displacement amplitudes of ultrasonic waves
and strains [8].
TOEC are typically determined based on the acoustoelastic theory [1,48] by measuring acoustoelastic coefficients, the change of elastic wave velocity under applied
stress (or strain), through either uniaxial [48] or hydrostatic [49] compression tests.
However, there are many challenges in these measurements. First, complicated equipment is required to produce hydrostatic pressure. Second, although uniaxial compression can produce sufficiently large strain and measurable wave velocity change, it may
change the dislocation network [93], cause slip and plastic strain [94] in the materials,
and lead to a permanent change in material properties.
In this chapter, thermal modulation tests proposed by Sun and Zhu [9, 37] were
used to measure the absolute nonlinear parameters in metals and concrete. Compared
to the uniaxial or hydrostatic tests, the experimental setup of the thermal modulation
test is much simpler and can easily produce large and uniform strains in elastic media.
In addition, as shown in this chapter, thermally induced wave velocity changes are
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larger than mechanical strain-induced velocity changes so that the velocity changes
can be measured with less error. This method is naturally immune from a thermal
effect since temperature variation is no longer an undesired influencing factor in tests.
In this chapter, theoretical frameworks presented in Chapters 2 and 3 are used, and
experimental results from the thermal modulation tests are compared and validated
with the mechanical tests.

5.2

Theoretical equations for analysis

In Eq. (3.29) and (2.68), Lamé constants λ and µ can be determined from the wave
velocities VP , VS and density ρ0 under strain-free state based on Eq. (2.12) and (2.14).
For the convenience of readers, we also present the equations here. Eq. (2.68):
dV11 /V110
dε1
dV12 /V120
dε1
dV21 /V210
dε1
dV22 /V220
dε1
dV23 /V230
dε1

3 l + 2m − (λ + 2l)ν
+
2
λ + 2µ
λ + m − (2λ + 2µ + 2m − n/2)ν
=1+
2µ
0
dV12 /V12
=
dε1
3ν λ + 2l − (λ + 4l + 4m)ν
=− +
2
2λ + 4µ
λ + m − n/2 − 2(λ + m)ν
= −2ν +
,
2µ
=

where Vij0 is the natural wave velocity under a stress-free state, which can be calculated
as Vij0 (i = j) = [(λ + 2µ)/ρ0 ]1/2 , and Vij0 (i ̸= j) = (µ/ρ0 )1/2 . dVij /Vij0 represents the
relative wave velocity change from the stress-free state to the uniaxial stress state.
Eq. (3.29):
dVP /VP0
3l + 2m
=1+
dεT
λ + 2µ
0
dVS /VS
6m − n
=1+
,
dεT
4µ

79
Eq. (2.12) and (2.14):
s

λ + 2µ
ρ

r

µ
.
ρ

VP =
VS =

In the case of uniaxial stress, each of l, m, and n can be calculated from Eq. (2.68).
For uniform temperature change in an isotropic material, only two linear combinations
of the three TOEC can be determined from two equations in Eq. (3.29), which are
C1 = l + n/9 and C2 = 3l/5 + m − n/10, where C1 is dominated by l, and C2 is
dominated by m. These two combinations of TOEC are two of three invariants of the
TOEC defined in Blaschke’s study [95]: C1 =

1
C
,
54 iijjkk

C2 =

1
C
,
30 ijijkk

where Cijklmn

is the tensor of the third-order elastic moduli [2]. In thermal modulation tests, C1
and C2 can be derived from Eq. (3.29) as:




4µ dVS /VS0
λ + 2µ dVP /VP0
−1 −
−1
C1 =
3
dεT
9
dεT




λ + 2µ dVP /VP0
2µ dVS /VS0
C2 =
−1 +
−1
5
dεT
5
dεT

5.3

(5.1a)
(5.1b)

Experimental validation of thermal modulation method
on an aluminum block

To validate the proposed TOEC measurement method, two experiments were designed in this study: the uniaxial loading test and the thermal modulation test. An
aluminum 6061 block with a square cross-section (5 cm × 5 cm) and a height of 15 cm
was used in both tests. The sample has a density of 2705 kg/m3 , and the Poisson’s
ratio of 0.33. The P wave and S wave velocities were measured as 6425 m/s and 3104
m/s under stress-free conditions. Then λ and µ are calculated as λ = 59.5 GPa and
µ= 26.1 GPa. The thermal expansion coefficient for aluminum is αT = 23 µε/◦ C.
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Figure 5.1 shows the experimental setup for the uniaxial stress test, where the
load was applied in the height direction. Two strain gauges were attached on both
sides of the aluminum block to measure the axial strain in direction 1. A hydraulic
compression machine was used to apply compression load until the strain reached
about 250 µε. An ultrasonic transducer was driven by a pulser/receiver (Olympus
5077PR) in the pulse-echo mode to measure echo waves in direction 2. The loading
test was repeated three times, and in each loading test, one of the following ultrasonic transducers was used: (1) 2.25 MHz P wave transducer (Olympus A106S), (2)
2.25 MHz shear wave transducer (Olympus V154) polarized in direction 1, and (3)
V154 polarized in direction 3. The experimental process was completed at a room
temperature of 23 ◦ C.

Uniaxial load

Olympus 5077PR
Pulser/receiver
Pulse echo mode
Signals

Ultrasonic
transducer
P:A106S
S:V154

Trigger sync

PicoScope 4824
80 MS/s
Computer/
LabVIEW

Strain gauges
NI 9235

1
3
Aluminum 6061

2

Figure 5.1: Experimental setup of uniaxial loading test.
For common metal materials (aluminum, steel), the relative velocity changes are
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on the order of 10−6 /µε. To accurately measure such small velocity changes, coda
wave interferometry (CWI) [62] described in Chapter 4 was used to calculate the dilation (stretching factor) between two signals. The stretching factor that maximizes
the correlation coefficient represents the relative velocity change between two signals.
With a sampling rate of 80 MS/s and using the CWI analysis method, we could measure dV /V 0 with a resolution of 10−6 . Sample signals from three different ultrasonic
transducer setups are shown in Figure 5.2. Even though all ultrasonic waves (P wave
and two S waves) propagate in the same direction 2, they show different velocity
changes due to different particle displacement directions. For the P wave, particle
displacement is parallel to the direction of wave propagation (direction 2), and the
velocity decreases. For the S wave with particle displacement in direction 3 ((perpendicular to the stress direction)), the wave velocity also decreases. In contrast, the S
wave with particle displacement in direction 1 (along the stress direction) shows an
increase in velocity.
Figure 5.3 presents the results for wave velocity changes under uniaxial stress/strain in direction 1. It can be seen that shear wave velocity dV21 /V210 increases with
the compression strain when its polarization aligns with the stress, while dV22 /V220
and dV23 /V230 decrease with the strain. The slopes give the acoustoelastic coefficients
for each type of wave under uniaxial stress.
Thermal modulation tests were conducted on the same aluminum sample. Two
ultrasonic transducers, V106S and V154, were installed at one end of the height
direction (15 cm) to transmit and measure P and S waves.

A switch (Agilent

34970A/34901A) was added before the pulser/receiver to switch between two transducers during the thermal process. The temperature was monitored using a type T
thermocouple and a data logger TC-08. The experimental setup is shown in Figure 5.4, and the switch unit is not included. In this test, the sample was first heated

82
1

Normalized amplitude

-50
-200

0.5

0

-0.5

-1
0

0.05

0.1

0.15

0.2

0.25

0.3

t (ms)

(a) P wave transducer A106S
1

Normalized amplitude

-50
-200

0.5

0

-0.5

-1
0

0.05

0.1

0.15

0.2

0.25

0.3

t (ms)

(b) Shear wave transducer V154 polarized in direction 3
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(c) Shear wave transducer V154 polarized in direction 1

Figure 5.2: Ultrasonic signals at the strain of -50 µε and -200 µε for three ultrasonic
transducer setups: (1) 2.25 MHz P wave transducer (Olympus A106S), (2) 2.25 MHz
shear wave transducer (Olympus V154) polarized in direction 1, and (3) V154 polarized in direction 3
from 22 ◦ C to 35 ◦ C, and then cooled down to 22 ◦ C at a temperature changing rate
of 1 ◦ C/hour. This rate of temperature change can avoid temperature gradient and
ensure uniform thermal expansion in the sample. The temperature range gave about
300 µε thermal strain in the aluminum sample.
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Figure 5.3: Velocity change with uniaxial strain for an aluminum 6061 sample.
The data during the cooling process is used for analysis to match the negative
strain in the uniaxial loading test. Figure 5.5 presents the results for relative P wave
and S wave velocity changes due to temperature change. The data show high linearity
with temperature and less variation than in the uniaxial test. The result indicates
that the S wave velocity is more sensitive to temperature change than the P wave
velocity, consistent with Weaver and Lobkis’ results [88].
Table 5.1: Summary of acoustoelastic coefficients and TOEC
Uniaxial loading

Thermal modulation

0
dV21 /V21
dε1

0
dV22 /V22
dε1

0
dV23 /V23
dε1

dVP /VP0
dεT

dVS /VS0
dεT

-1.95

1.10

1.02

-7.02

-12.13

l

m

n

C1

C2

-113

-298

-337

*

-146(-150)* -316(-332)*

Values of C1 , C2 in parenthesis were calculated using l, m and n
from the uniaxial loading test. All TOEC have the unit of GPa.

Table 5.1 summarizes the acoustoelastic coefficient from the uniaxial loading and
thermal modulation tests. The TOEC l, m and n can be calculated from Eq. (2.68)
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Figure 5.4: Experimental setup of thermal modulation test.
using the uniaxial test results, and C1 and C2 are calculated from Eq. (5.1) using the
thermal modulation test results and αT = 23 µε/◦ C. For comparison, C1 and C2 are
also calculated based on l, m and n obtained from the uniaxial test. As shown in
Table 5.1, these two independent tests give very close values on C1 and C2 , with a
difference less than 5%. This difference is less than the experimental errors reported
in literature [1, 95], which validates the proposed thermal modulation method for
TOEC measurements.
As predicted from the equations, the relative velocity changes due to the thermal effect are larger than those caused by uniaxial loading. With the obtained
l, m, and n, the P wave velocity change in the uniaxial test can be calculated as
dV11 /V110 /dε1 = −4.35, which is still less than the P wave acoustoelastic coefficient
-7.02 in the thermal modulation test. This phenomenon was observed in a prior
study of thermal modulation test [9], where the authors noticed that the nonlinear
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Figure 5.5: Thermal modulation test results on aluminum 6061 sample.
parameters determined from the thermally induced velocity changes were larger than
literature-reported values, but no clear explanation was given. This study provides a
solid theoretical explanation of the high sensitivity of wave velocities to temperature
change.
The acoustic nonlinearity parameter β is usually obtained from the second harmonic generation (SHG) test by measuring the strain amplitudes at the fundamental
and second harmonic frequencies after the wave travels a certain distance. In theory,
it is directly related to the acoustoelastic coefficient of the P wave in one-dimensional
solids, 2dVP /VP0 /dε. It is challenging to accurately measure the absolute value of β using either the SHG or uniaxial stress test. The parameter β = −3−(2l+4m)/(λ+2µ)
represents the contribution of TOEC to the relative P wave velocity change. Similarly,
we may define two new nonlinearity parameters based on Eq. (5.1), which represent
the contribution TOEC to the relative velocity changes of P and S waves. These two
parameters are easy to measure using the thermal modulation test.
Compared to the uniaxial loading test, the thermal modulation test has a straight-
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forward experimental setup and produces uniform thermal strains. Because the test
sample remains isotropic during the test, the polarization direction of the shear wave
does not influence the velocity, and no polarization calibration is needed. In stressfree conditions, the thermal modulation test can obtain only two TOEC combinations
C1 and C2 . Theoretically, it is feasible to determine all TOEC l, m, and n by adding
one more measurement and restricting expansion in one direction.

5.4

Absolute nonlinear parameters of other materials

The theoretical framework of thermally induced acoustoelasticity was experimentally
validated in the previous section on an aluminum block.
Similar to the thermal modulation test presented in Section 5.3, three homogeneous materials, acrylic, glass, and stainless steel 304 (SS304), are tested. The experimental setup is identical, as shown in Figure 5.4. In addition, the pulse-echo mode
is used for both the P and S waves. The stretching technique discussed in Chapter
4 is applied for calculating ultrasonic wave velocity changes. Figure 5.6 shows the
samples with their dimensions tested in this section.
Figures 5.8 to 5.10 show the ultrasonic P and S wave signals of stainless steel
304, acrylic, and glass before thermal modulation. As shown in these waveforms,
compared with stainless steel and glass, the attenuation of the signal is the largest in
acrylic. Even though the thickness of the acrylic block is thinner than the glass cube,
the second echo in the acrylic block can hardly be observed.
In these waveforms, the ultrasonic P and S wave velocities can be extracted. To
obtain the nonlinear parameters C1 = l + n/9 and C2 = 3l/5 + m − n/10 as presented
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Figure 5.6: Materials tested in this section, from left to right, are acrylic (49 mm ×
152.7 mm × 152.7 mm), glass (80 mm × 80 mm × 80 mm), and stainless steel (34.9
mm × 69.9 mm × 304.8 mm). A 5 MHz ultrasonic transducer shows a relative size
compared to the specimens.
in Eq. (5.1):




4µ dVS /VS0
λ + 2µ dVP /VP0
−1 −
−1
C1 =
3
dεT
9
dεT




λ + 2µ dVP /VP0
2µ dVS /VS0
C2 =
−1 +
−1 ,
5
dεT
5
dεT
where Lamé constants λ and µ can be calculated using

λ = ρ VP2 − 2VS2



(5.2)

and
µ = ρVS2 .

(5.3)

Table 5.2 shows the elastic properties and the coefficient of thermal expansion of
SS304, acrylic, and glass tested in this section. These parameters will be used in the
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Figure 5.7: Experimental setup for thermal modulation test. The Agilent switch unit
is used to switch between the P wave and S wave transducers so that the P wave and
S wave velocity changes can be obtained in one thermal cycle.
calculation of nonlinear parameters C1 and C2 in Eq. (5.1).
The temperature change was from 22 ◦ C to 27 ◦ C and the experimental setup
was the same as that in Figure 5.4. Figure 5.7 presents a photo of the experimental
setup of the thermal modulation. More details about the experiments can be found
in Section 5.3.
Table 5.3 shows the nonlinear parameters of the tested materials. In the table,
the relative wave velocity changes can be expressed as presented in Eq. (3.29):
dVP /VP0
3l + 2m
=1+
dεT
λ + 2µ
0
dVS /VS
6m − n
=1+
.
dεT
4µ
As mentioned in the previous section, β = −3 − (2l + 4m)/(λ + 2µ) [5] is often used
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dVP /VP0
dεT

to represent material nonlinearity. Similarly,

and

dVS /VS0
dεT

can also represent

the material nonlinearity. As shown in Table 5.3, glass presents the least nonlinearity,
while acrylic shows the largest nonlinearity.
The combinations of the third-order elastic constants, C1 = l + n/9 and C2 =
3l/5+m−n/10, can be used for comparison with values in other studies. For example,
using the third-order elastic constants from Egle and Bray’s research [48], C1 = 328
and C2 = 700 for rail steel, which are close to the values in our test. Even though
different materials are used, Table 5.3 may provide a reference for future research.
Table 5.2: Elastic properties of the specimens.
VP (m/s) VS (m/s) ρ(kg/m3 )

λ(GPa) µ(GPa)

Stainless steel

5890

3213

7930

111.34

81.86

Acrylic

2771

1399

1177

4.43

2.30

Glass

5813

3449

2543

25.42

30.25

Table 5.3: Nonlinear parameters of test materials.
CTE(10−6 /◦ C)

dVP /VP0
dεT

dVS /VS0
dεT

C1 (GPa) C2 (GPa)

Stainless steel

17.3

-5.95

-8.27

-299.6

-685.9

Acrylic

75

-11.20

-12.87

-22.5

-34.8

Glass

9

-3.70

-5.17

-51.7

-155.4
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Figure 5.8: Ultrasonic signals in pulse-echo mode on a 35 mm thick stainless steel
304 block
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Figure 5.9: Ultrasonic signals in pulse-echo mode on a 49 mm thick acrylic block
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Figure 5.10: Ultrasonic signals in pulse-echo mode on an 80 mm glass cube
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Chapter 6

EXPERIMENTAL VALIDATION OF THERMAL
MODULATION ON CONCRETE

6.1

Acoustoelastic coefficient

Concrete is a widely used construction material. In prestressed concrete constructions,
it is crucial to measure stress changes in concrete since the lack of prestressing can
lead to cracks in the concrete, reducing the safety of the structure. One promising
nondestructive testing (NDT) method for stress evaluation in concrete is based on
the acoustoelastic effect [7, 90, 96, 97]. To evaluate the stress in concrete based on the
acoustoelastic effect, the acoustoelastic coefficient (AEC), α = (∆V /V )/ε, which is
the ratio of relative ultrasonic wave velocity change to the stress/strain needs to be
determined. AEC is a combination of second- and third-order elastic constants [1,
48]. Second-order elastic constants can be determined using the wave velocities of
longitudinal and shear waves, but third-order elastic constants require more complex
experiments to determine.
In recent decades, many researchers have measured third-order elastic constants
(Murnaghan constants) in concrete [50, 98–101]. The most widely used method to
determine third-order elastic constants is based on the relationship between relative
ultrasonic wave velocity changes and the uni-axial stress/strain. Payan et al. [50]
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extracted the third-order elastic constants of concrete under uni-axial compression.
Recently, Nogueira and Rens [101] measured the third-order parameters in concrete
with different mixtures and found that nonlinear parameters did not correlate with
compressive strength. In Ankay and Zhang’s paper [99], the absolute values of thirdorder elastic constants were reported much smaller in ultra-high performance concrete
(UHPC) than in high-performance concretes (HPC). However, the third-order elastic constants in concrete vary significantly in the literature [50, 98–101]. Apart from
different mixtures and different types of transducers used in the literature, the experimental setup may also cause a difference in extracting the third-order elastic
constants in concrete. Under uni-axial compression, the end zone of a concrete specimen is subjected to circumferential restraint, resulting in compressive stress in the
transverse direction [91, 92]. This effect will largely affect the elastic wave velocity
changes, especially when the ultrasonic transducers are placed close to the end zone
of concrete specimens.
Third-order elastic constants are obtained by measuring the relationship between
relative wave velocity changes and the strain in a medium. Besides uni-axial compression, temperature changes also generate strain in a medium. Temperature change
has been reported to cause acoustic velocity variations in metals, rock, and concrete [37, 72, 88, 89]. The temperature effects are commonly considered noise in ultrasonic measurements. Zhang et al. [74] proposed using a reference sample identical to
the test sample to cancel the temperature change effect. In 2020, Sun and Zhu [9]
utilized the dependence of elastic wave velocity on temperature to evaluate the alkalisilica reaction (ASR) damage in concrete. They later reported [9] that this method
can also be used to determine the absolute values of nonlinear acoustic parameters
α, β, δ, by using the temperature change as a driving force of nonlinear response
of materials and this method is called thermal modulation. Recently, Zhong and
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Zhu [71] derived the theoretical formulas and validated this method on an aluminum
specimen.
In this study, based on the previous study on the metal [71], temperature-induced
elastic wave velocity change (thermal modulation) is used to investigate the relationship between the velocities of elastic waves and strain and extract the AEC in a
concrete specimen.
The equations used in this section are the same as those in the previous Section 5.2,
Eq. (2.68):
3 l + 2m − (λ + 2l)ν
dV11 /V110
= +
dε1
2
λ + 2µ
Here, only (dV11 /V110 )/dε1 is presented since only this acoustoelastic coefficient will be
used in this section. The strain εσ is used to present the strain in direction 1, which
is the compression direction on the top surface of the concrete beam. Therefore,
(dV11 /V110 )/dε1 represents the relative P wave velocity change in the compression
stress direction, i.e., AEC in the stress direction.
Eq. (3.29) is also used here in the thermal modulation test:
dVP /VP0
3l + 2m
=1+
dεT
λ + 2µ
0
dVS /VS
6m − n
=1+
.
dεT
4µ
where εT is the thermal strain.
In Eq. (3.29), if the relationship between m and n can be found, the thirdorder elastic constants l, m and n can be expressed by λ, µ, (dVP /VP )/dεT and
(dVS /VS )/dεT . Of these parameters, λ and µ are related to the elastic wave velocities
(VP and VS ) and the density of the medium. According to previous research [50, 98],
the third-order elastic constant n ≈ 0.8m in high-strength concrete. In this study,
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the concrete has similar compressive strength. By assuming n = 0.8m in Eq. (3.29),
the third-order elastic constants can then be expressed as:
dVP /VP λ + 2µ dVS /VS 20µ 2µ λ
−
−
−
dεT
3
dεT 39
13
3
dVS /VS
10µ
m=(
− 1)
dεT
13
dVS /VS
8µ
n=(
− 1)
dεT
13
l=

(6.1a)
(6.1b)
(6.1c)

The l, m, and n acquired from the thermal modulation test will be verified by the
bending test and Eq. (2.68).

6.2

Elastic properties of the concrete specimen

This study conducted two experiments on the same 152 mm × 152 mm × 508 mm
concrete beam, a thermal modulation test, and a four-point bending test. The specimen was made of ready-mix self-consolidating concrete (SCC) with 28-day concrete
strength of 45 MPa. In this study, the elastic wave velocities were measured using
ultrasonic transducers. The second-order elastic constants and Poisson’s ratio can be
calculated from P wave velocity and S wave velocity in a medium:

λ = ρ(VP2 − 2VS2 )

(6.2)

µ = ρVS2

(6.3)

ν=

VP2 − 2VS2
2(VP2 − VS2 )

The elastic properties of the specimen are listed in Table 6.1.

(6.4)
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Table 6.1: Elastic properties of the specimen.
VP (m/s) VS (m/s) ρ(kg/m3 ) λ (GPa) µ (GPa) ν
4800

6.3

2927

2338.7

13.81

20.03

0.204

Experimental setup of thermal modulation test

A PZT disc (10 × 2 mm) was used as the ultrasonic transmitter because it is lowcost, easy for quick installation, and could transmit high-energy ultrasonic waves. An
acoustic emission (AE) sensor (Mistras R6I) with an operating frequency of 40-100
kHz was used as the ultrasonic receiver. The AE sensor has good shielding to avoid
crosstalk signals [102], and the bandwidth ensures sufficient sensitivity and signal-tonoise ratio in the interested frequency range.
The experimental setup is shown in Figure 6.1, where a PZT disc and an AE
sensor were attached to the opposite ends of the concrete beam at a distance of 508
mm. An Olympus 5077PR ultrasonic square wave pulser/ receiver was used to drive
the PZT transmitter. The pulse duration was set for optimum driving at around 100
kHz. The received signals were sampled by a digital oscilloscope PicoScope® 4824
at the sampling rate of 80 MS/s, and the duration of each signal was 1 ms. Each
signal was averaged ten times to increase the signal-to-noise ratio. The ultrasonic
signals were recorded every 2 minutes during the temperature change process. A
companion specimen with thermocouples embedded inside and installed on the surface
was used to monitor the temperature changes during the measurement. These two
concrete beams were subject to a thermal cycle in an environmental chamber with a
temperature-changing rate of 1 o C/hour to avoid a thermal gradient. To avoid the
influence of moisture, the relative humidity was kept at 50%.
A separate test on the same concrete beam was conducted to measure the coefficient of thermal expansion of the concrete specimen in the chamber. As in the
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previous experiment, the relative humidity was kept at 50%. The demountable mechanical strain gauge (DEMEC) was used in this test to measure the strain due to
temperature change. Two sets of DEMEC targets were attached to the specimen,
and the gauge lengths were 500 mm and 150 mm. The CTE was measured in two
processes: (1) the heating process from 20 o C to 40 o C and (2) the cooling process
from 40 o C to 20 o C.

AE

PZT

Ultrasonic pulser:
Olympus 5077PR

Trigger sync

PicoScope 4824
80 MS/s
LabVIEW

Figure 6.1: Experimental setup of thermal modulation test on a 152 mm × 152 mm
× 508 mm concrete beam.

6.4

Experimental setup of bending test

As shown in Figure 6.2, the ultrasonic transmitter and receiver were placed on the top
surface of the concrete beam at a distance of 127 mm. A 120 mm strain gauge (PL120-11-5LJCT-F) was installed between the PZT transmitter and the AE receiver to
record the strain during the loading process. The concrete beam was loaded at a
rate of 500 N/sec in a Forney concrete compression/bending machine. The received
signals were sampled by a digital oscilloscope PicoScope 4824 at the sampling rate
of 80 MS/s, and the duration of each signal was 1 ms. The ultrasonic signals were
recorded every 2 seconds during the loading process.
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152

PZT

strain gauge AE

152

Unit: mm
25

25

Figure 6.2: Experimental setup of the bending test on a 152 mm × 152 mm × 508
mm concrete beam.

6.5

Results and discussion

In the bending test, the velocity change of the top surface of the concrete beam was
monitored, which increases with the compression stress. In the thermal modulation
test, wave velocity increases when the temperature decreases. Therefore, the data
collected in the cooling process was compared with that in the bending test. Figure 6.3
shows the relative P wave and S wave velocity changes due to the temperature change.
As the temperature decreases, the wave velocities of both P and S waves increase.
It should be noted that the calculated α values in Figure 6.3 include the thermal
expansion effect. Since the natural frame of reference is used in this study, the natural
wave speed change does not require thermal strain compensation [2]. The measured
relative wave velocity changes due to temperature change are calculated by:
dV /V
dV /V
=
dεT
∆T αT

(6.5)

Table 6.2 presents the results from DEMEC measurement at different temperature
stages. The calculated coefficients of thermal expansion are close using 150 mm and
500 mm gauge lengths in both the heating and cooling processes. The average CTE

99

15

10-3
P wave
S wave

dv/v

10

=8.0

5

=-

5.0

61e

55

e04

/ oC

-04 o
/ C

0
Cooling process
-5
20

25

30

35

40

o

Temperature ( C)

Figure 6.3: Results from the thermal modulation test.
of 9.5×10−6 /o C will be used for further calculation.
Table 6.2: DEMEC results.
DEMEC gauge length
Temperature (o C)
DEMEC reading (mm)
CTE (heating)
CTE (cooling)
Average CTE

150 mm

500 mm

20.8
40.6
21.4
20.8
40.6
21.4
0.0352 0.064 0.0368 -0.0264 0.0672 -0.024
9.697e-6/o C
9.455e-6/o C
9.444e-6/o C
9.500e-6/o C
o
9.524e-6/ C

Combining the results from the thermal modulation test and the CTE, the relative
wave velocity over thermal strain εT can be obtained using Eq. (6.5):
dVP /VP
= −84.8
dεT
dVS /VS
= −53.3
dεT

(6.6a)
(6.6b)

Based on the material properties in Table 6.1 and results in Eq. (6.6), the third
order elastic constants l, m and n of the concrete beam can be estimated using

100
Eq. (6.1). Table 6.3 presents the second- and third-order elastic constants of the
tested specimen.
Table 6.3: Second- and third-order elastic constants of the concrete specimen measured from thermal modulation test.
λ(GPa) µ(GPa) l(GPa)

m(GPa) n(GPa)

13.81

-836.23

20.03

-983.03

-669.00

After the third-order elastic constants l, m, and n are acquired, the relative P
wave velocity due to uni-axial stress in Eq. (2.68) can be calculated: (dV11 /V11 )/dε1 =
−41.305.
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Figure 6.4: Results from the bending test.

To verify the accuracy of the results, a four-point bending test on the concrete
beam was conducted. As mentioned, the ultrasonic signals and the strain were collected during the bending test. Figure 6.4 shows the relationship between P wave velocity change and the stain, with a slope of -41.553. This experimental result is close
to the value -41.305 calculated from the thermal modulation test using Eq. (2.68).
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Therefore, the third-order elastic constants l, m, and n estimated by the thermal
modulation test showed good accuracy.
It needs to be noted that the calculated third-order elastic constants l, m, and n
were based on the assumption that n = 0.8m. This assumption has little effect on
the calculated (dV11 /V11 )/dε1 in Eq. (2.68). In this study, (dV11 /V11 )/dε1 = −39.97
if assuming n = 0.5m, and (dV11 /V11 )/dε1 = −43.34 if assuming n = 1.2m.

6.6

Conclusions

A new method of measuring the third-order elastic constants and AEC in concrete has
been presented. Compared with the commonly used uni-axial loading method, the
thermal modulation method can be conducted with a simple experimental setup and
avoid the problems in the compression test: uneven compression or the circumferential
restraint at the end zones of tested specimens. Because there are only two independent
measurements in the thermal modulation test, an assumption of n = 0.8m was used
to estimate the third-order elastic constants l, m, and n. The obtained third-order
elastic constants can be used to predict the P wave velocity change (dV11 /V11 )/dε1
under compression. The results were validated by a bending experiment on the same
concrete beam. The agreement between the predicted value of (dV11 /V11 )/dε1 and the
experimental result from the bending test suggests that third-order elastic constants
can be measured using the thermal modulation test with satisfactory accuracy.
Although an assumption of n = 0.8m was used to estimate the third-order elastic
constants, different assumptions of n/m had a minor influence on the value of AEC.
Using three independent parameters, such as P, S, and Rayleigh waves from the
thermal modulation test may improve the accuracy.
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Chapter 7

STRESS EVALUATION ON A FULL-SCALE
PRESTRESSED BRIDGE GIRDER

Prestressed concrete is widely used in the construction of bridges and buildings due to
its advantages concerning durability, weight, strength, and cost. However, prestressed
structures inevitably suffer from prestressing losses caused by concrete shrinkage and
creep and relaxation of strands. Although some nondestructive testing (NDT) methods have been used to evaluate the condition of the prestressed structures [103–106],
evaluation of prestress loss is still challenging for in-service structures. Existing methods for measuring prestress loss require either installing wired gauges inside the structural members during construction or installing surface gauges before prestressing
release to obtain a zero-stress reference, which is impractical for existing prestressed
concrete components. This chapter presents a study using ultrasonic waves to evaluate stress change in a full-scale prestressed concrete bridge girder. Part of the content
of this chapter has been published in Construction and Building Materials [97] and
Nebraska Department of Transportation Research Reports [96].
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7.1

Introduction

One promising NDT method for stress evaluation in concrete is based on the acoustoelastic effect [7, 90]. The acoustoelastic effect describes the dependence of the
stress wave velocity on stress or strain in an elastic medium, where the acoustoelastic coefficient (AEC) is defined as the ratio of relative wave velocity change to
stress α = (∆V /V )/σ. AEC represents the nonlinear elastic response of a material
to stress and is measured in the elastic range at a low strain level. In order to use
the acoustoelastic effect for stress evaluation, two challenges should be addressed:
accurate measurement of AEC and having a reference stress state.
Many factors may influence the acoustoelastic effect in concrete. Planès and
Larose [61] gave a comprehensive review of AEC in concrete measured by different
researchers. The reported AEC values ranged from 0.01 %/MPa to 0.2 %/MPa in
regular concrete and 0.2 %/MPa to 0.6 %/MPa in concrete with cracking damage.
Shokouhi et al. observed the Kaiser effect when the concrete sample was subjected
to multiple loading cycles and reported an increasing value of AEC for concrete with
stress-induced damage using both surface wave [107] and body wave [108]. Schurr
et al. [109] reported increasing AEC for concrete samples with thermal damage or
dynamic cyclic loading. Similar results were also found for concrete with alkali-silica
reaction (ASR) damage [110]. In the studies of Nogueira and Rens [101], Ankay and
Zhang [99], and Zhan et al. [73], AEC showed good repeatability for concrete from the
same mix, but a significant difference in concrete from different mixes. In addition
to the effects of the damage and concrete mix designs, AEC also shows sensitivity to
stress directions, i.e., it has the largest value when the wave propagation and particle
displacement directions are along the stress direction [7]. Based on AECs measured
in different stress directions, the third-order elastic constants can be extracted from
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acoustoelastic effects using the uniaxial loading test on concrete [50, 99, 101]. Since
ACE values vary with concrete mixes, damage, and stress conditions, they should be
accurately measured on in-situ concrete structures or similar concrete specimens.
Because the stress-induced velocity change is very small, it cannot be accurately
measured by the first arrival time method. Coda wave interferometry (CWI) [59, 62]
described in Chapter 4 is used to evaluate very small wave velocity variations in a
medium. Although CWI has a high resolution, it is unsuitable for stress evaluation
based on the acoustoelastic effect. Unlike direct waves, which propagate along the
fastest path between the transmitter and receiver, the coda wave reaches the receiver
through all possible paths. Due to multiple scatterings in concrete, the coda wave
does not have apparent wave propagation and particle displacement directions. Because dV /V depends on directions of particle displacement and stress direction in
the uniaxial loading test [7], the coda wave will give different dV /V values from the
direct waves. In addition, a coda wave is a mix of P and S waves scattered multiple
times and from all directions. Different time windows of a coda wave signal may have
a different participation ratio of P and S waves, which also affect the calculation of
dV /V [50, 72]. As a result, CWI is not suitable for stress evaluation applications.
In this chapter, the authors proposed to measure stress-induced relative velocity
changes using the direct P wave part of signals and introduced the direct P wave interferometry (DPWI) method. DPWI applies the time stretching and cross-correlation
procedure to the direct P wave part to calculate the relative P wave velocity change
between two signals. Compared to CWI, DPWI maintains a relatively high resolution but avoids mixing different types of waves, ensuring the direct wave path from
the transmitter to the receiver. The DPWI method enables accurate measurement
of AECs in different stress directions. The directional property of AECs may allow
us to use the measurement in the stress-free direction as a reference state for stress
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evaluation.
In this study, the DPWI analysis was demonstrated on a concrete cylinder subjected to uniaxial stress, and the results were compared with those from the CWI
method. Time window effects on CWI analysis results were also investigated in this
test. AECs were measured along the stressed direction and unstressed direction.
DPWI was then used in a bending test on a small concrete beam, where all ultrasonic transducers were placed on the same surface. Finally, the DPWI method was
demonstrated on a full-scale prestressed bridge girder to monitor the stress release
process. The results show that the DPWI method provides a relatively high resolution to stress change and maintains the directional property relative to stress, which
is essential for potential applications of stress evaluation.

7.2
7.2.1

Theoretical background and signal analysis methods
Acoustoelastic effect

The acoustoelastic effect describes the dependence of the stress wave velocity on the
stress or strain in the medium. In 1953, based on Murnaghan’s finite deformation
theory [30], Hughes and Kelly [1] derived equations describing the relationship between the velocities of elastic waves and the stresses in an isotropic body subjected to
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uniaxial loading in direction 1 (2 and 3 are the other two perpendicular directions):

ρ0 V112
ρ0 V122
ρ0 V222
ρ0 V212
ρ0 V232



σ11
λ+µ
= λ + 2µ +
2l + λ +
(4m + 4λ + 10µ)
3K
µ


σ11
λn
2
= ρ0 V13 = µ +
m+
+ 4λ + 4µ
3K
4µ


σ11
2λ
2
= ρ0 V33 = λ + 2µ +
2l − (m + λ + 2µ)
3K
µ


σ11
λn
2
= ρ0 V31 = µ +
m+
+ λ + 2µ
3K
4µ


λ+µ
σ11
2
m−
n − 2λ
= ρ0 V32 = µ +
3K
2µ

(7.1a)
(7.1b)
(7.1c)
(7.1d)
(7.1e)

where Vij is the velocity of the wave propagating in direction i and polarized in
direction j, and σ11 is the normal stress in direction 1. The parameters λ and µ are
the second-order elastic constants known as Lamé constants, l, m, n are the thirdorder elastic constants or Murnaghan constants, and K = λ+ 23 µ is the bulk modulus.
As mentioned in Section 2.4, these equations can be transformed from Eq. (2.68) or
(2.72). These equations were further generalized by Lillamand et al. [7], and the
elastic wave velocity under uniaxial stress σ11 can be expressed as:
Vijσ = Vij0 (1 + αij σ11 )

(7.2)

where Vijσ is the wave velocity under the uniaxial stress σ11 , and Vij0 is the wave
velocity under stress-free state. αij is defined as the AEC, which depends on the
elastic constants (Lamé and Murnaghan), wave propagation direction i, and particle
displacement direction j.
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7.2.2

Application of CWI to stress monitoring in concrete

Lillamand et al. [7] reported the following AECs for a concrete cylinder subjected to
uniaxial stress in direction 1 (2 and 3 are the other two perpendicular directions): α11
= 0.13%/MPa, α21 = 0.1%/MPa, α12 =α13 = 0.05%/MPa, α22 = α33 = 0.02%/MPa
and α23 = 0.03%/MPa, where αij represents the elastic wave propagating in direction
i and with particle displacement in direction j. For P waves propagating along the
stress direction (i = j = 1), the velocity shows the highest sensitivity to stress
change. α22 has the lowest values for the P wave propagating perpendicular to the
uniaxial stress. For shear waves (i ̸= j), the wave polarized in the stress direction
had a larger velocity change than the wave propagating in the stress direction (α21 >
α12 ). Different deformations cause this phenomenon in two directions under the
uniaxial load. These two velocities should have the same relative changes if they were
calculated using the original dimensions [71].
Because stress-induced velocity change is very small, CWI has been used in many
studies to calculate relative wave velocity changes with stress in heterogeneous media [50, 69, 72, 73, 108–112]. However, caution should be taken when using CWI for
acoustoelastic analysis because the AEC depends on the wave type, wave propagation, and particle displacement directions relative to stresses. The coda wave has
been scattered multiple times in the diffused field and no longer maintains a fixed
particle displacement direction. In addition, with the diffusion development, the S
wave’s contribution increases. According to Snieder’s research [64], in a fully diffused
field, the P- and S-wave contributions to the effective wave velocity changes are 9%
and 91%, respectively. Therefore, the velocity change of a fully diffused coda wave
will be close to the shear wave velocity change averaged from all directions.
Grêt et al. [72] found dV /V calculated at different time windows varied between
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0.7% and 1.28 % in Berea sandstone due to a uniaxial stress increase of 2 MPa.
Payan et al. [50] also reported varying values of dV /V when determining the thirdorder elastic constants in concrete using CWI analysis. To avoid the time-varying
effect on dV /V , Zhan et al. [73] applied step-wise CWI [111] analysis to a full-length
waveform instead of a specific part. However, the obtained dV /V was the average
velocity variations from all scattered waves. Although the diffused ultrasonic wave
shows high sensitivity to stress changes, obtaining a reliable AEC from CWI analysis
is difficult.
Section 4.4 on Page 67 has discussed the time window effects on CWI when measuring acoustoelastic coefficients in concrete.

7.2.3

Wave velocity analysis using direct waves

Deraemaeker and Dumoulin [76] investigated the relative velocity change during the
bending process of a concrete beam using embedded ultrasonic transducers. Three
techniques were used for velocity monitoring: time of flight (TOF), CWI, and direct
wave interferometry (DWI). They found that the TOF method showed a clear trend
between dV /V and stress in the sample. However, the results were very noisy due
to the low resolution in velocity change. The coda wave quickly became decorrelated
from the baseline signal upon cracking. CWI could not catch the substantial velocity
variations due to damage. They applied the stretching technique to the direct wave
instead of the coda. DWI is a good trade-off between the high resolution of CWI and
the reliability of TOF. However, the ending time determination in DWI was based
only on observation. The direct wave still involves both the P and S waves, which
introduces uncertainties in measuring AECs.
Inspired by the DWI method [76], the authors proposed the direct P wave interferometry (DPWI) method. The direct P wave signal in the time window [tP , 1.5 tP ]
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was used in this study. The ending time 1.5tP is chosen before the S wave arrival
time around tS ≈ 1.6tP , because VP /VS is about 1.6 in concrete. The DPWI method
maintains the relatively high resolution of CWI but avoids mixing S waves, ensuring
a clear wave propagation direction.

7.3

Laboratory experimental setup of a concrete beam

In Section 4.4 on Page 67, we have presented the experimental setup and results in
a concrete cylinder. A similar experimental setup and data processing are used here.
The DPWI is used in a concrete beam subject to a four-point bending test to provide
a reference for further tests on larger structures. The concrete beam has dimensions
of 152 mm × 152 mm × 508 mm. The 28-day compressive strength was 45 MPa, and
Young’s modulus E = 31 GPa.
Piezoelectric (PZT) discs (20×3 mm) were used as the ultrasonic transmitters
in the test. Two acoustic emission (AE) sensors (Mistras R6I) with an operating
frequency of 40 - 100 kHz were used as ultrasonic receivers. Compared to PZT disc
sensors, the AE sensors have high sensitivity in the interested frequency range and
ensure a high signal-to-noise ratio.
In the concrete beam test, the ultrasonic transmitter and receivers were placed
on the compression surface with a spacing of 127 mm, as shown in Figure 7.1. In
addition, a 120 mm strain gauge was installed to monitor the bending strain. This
experiment is similar to the field experiment conditions because there is usually only
one surface accessible on the bridge.
A Forney concrete testing machine was used for the bending test. The specimen
was loaded at a rate of 30 kPa/sec—this slow loading rate allowed sufficient ultrasonic
signals to obtain high resolution in the data processing. In the bending test, the
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sensing area was in the pure bending zone.

Figure 7.1: Experimental setup of the 152 mm × 152 mm × 508 mm concrete beam:
(a) front view; (b) top view.
An Olympus 5077PR ultrasonic square wave pulser/receiver was used to drive the
PZT transmitter. The pulse duration was set for a center frequency of around 100
kHz. The received signals were digitized by a digital oscilloscope PicoScope 4824 at
a sampling rate of 40 MS/s, and the duration of each signal was 2 ms. Each signal
was averaged ten times to increase the signal-to-noise ratio. The ultrasonic signals
were recorded every 2 seconds during the loading process. A LabVIEW program
was developed to control the data acquisition system and synchronize ultrasonic and
loading/strain data.
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7.4

Results from small concrete beam using DPWI

Ultrasonic signals were measured on the compression side along the stressed direction
(direction 1) and the transverse direction (direction 2). Figure 7.2 presents the relative
velocity change of the P wave along both directions by applying DPWI to signals in the
time window of [tP , 1.5 tP ], which was [0.028 ms, 0.042 ms] in this test. The horizontal
axis represents the strain ε11 in the longitudinal direction. The relative wave velocity
changes were 4.17 × 10−5 /µε in the stressed direction and −8.15 × 10−6 /µε in the
stress-free direction. The AECs can then be calculated as α11 = 0.129%/MPa and
α22 = −0.025%/MPa.
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Figure 7.2: Relative P wave velocity change vs. strain on the top surface of the 152
mm × 152 mm × 508 mm concrete beam. The P wave time window used was [0.028
ms, 0.042 ms], where 0.028 ms was the first arrival of the P wave (tP ).
In the bending test, the P wave velocity V22 decreased with the compression strain
ε11 (negative α22 ), which is consistent with the acoustoelastic theory and experimental
results by other researchers [48]. However, in the uniaxial compression test on the
concrete cylinder, the P wave velocity V22 increased with the stress σ11 (positive
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α22 in Figure 4.13). Similar results have also been reported in other studies [7,
50] on concrete cylinders under uniaxial compression loading. The authors believe
this different behavior in the two tests was caused by different lateral confinement
conditions in the beam and cylinder tests. In the cylinder test, the circumferential
restraint results in compressive stress in the transverse direction [91,92], which causes
increasing velocity with loading. Therefore, to obtain an accurate measurement of
the AEC using the uniaxial loading test, the sample should have a large length-todiameter ratio to avoid the confinement effect in the end zones. On the other hand, in
the bending test of the concrete beam, the transverse direction is free to expand due
to Poisson’s effect, which leads to a slight decrease of P wave velocity in the lateral
direction.

7.5
7.5.1

Test on a full-scale bridge girder
Bridge girder description and experimental setup

The ultrasonic test was performed on a newly cast prestressed concrete girder to
monitor the process of prestressing release. The bridge girder is 40 meters long, and
the concrete compressive strength at the test time was 52 MPa. The side view and
cross-sections of the girder are shown in Figure 7.3 and Figure 7.4. The girder had
been covered and steam cured at a high temperature to accelerate the early strength.
It was exposed to ambient temperature before prestressing release. The prestressing
release process was divided into two stages: 1) the harped strands were cut one by one
using a cutting torch; 2) all bottom strands were released gradually with a hydraulic
pump.
The ultrasonic test setup was similar to that in the small beam test. Because the
bottom surface was inaccessible, ultrasonic sensors were installed on the bottom flange
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Figure 7.3: Side view of the 40-m prestressed concrete bridge girder.
1224

Unit: mm
Harped strands

149

1349
1095
Bottom strands

304
975
Section at ends

Section at midspan

Figure 7.4: Cross-sections at the end (left) and middle (right) of the prestressed
concrete bridge girder. The figure on the right shows the location of the ultrasonic
transmitter (black) and receiver (blue), and the distance between them was 304 mm.
at the mid-span of the girder, as shown in Figure 7.4 and Figure 7.5. One PZT disc
was used as the ultrasonic transmitter. Two AE sensors (MISTRAS R6I) were used
as the parallel (//) receiver and transverse (⊥) receiver (Figure 7.5), respectively. The
distance between the transmitter and the receivers was 304 mm in both directions.
Three demountable mechanical strain gauge (DEMEC) targets were installed close to
the parallel receiver to measure strain in the prestressed direction after prestressing
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Figure 7.5: Ultrasonic sensors (top) and DEMEC target positions (bottom) on the
bridge girder.
release (Figure 7.5). Ultrasonic signals were acquired at a sampling rate of 40 MS/s
for a duration of 0.3 ms, with an interval of 0.1 seconds throughout the prestressing
release process. The DEMEC data were measured only before and after the release
process due to safety considerations.

7.5.2

Ultrasonic monitoring

Figure 7.6 presents all ultrasonic signals from the parallel sensor in an image format.
This method is commonly used in seismology, and Zhu et al. [81, 82] also used this
method to manually trace the P or S wave arrivals based on the trend of waveforms to
monitor wave velocity change in early-age concrete. In Figure 7.6, it can be seen that
the first arrival time was around 0.08 ms. The signals shifted to the left during the
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release of the prestressing force, indicating increased velocity during the process. The
most noticeable time shift occurred during the following periods: 40-152 seconds and
940-1335 seconds, corresponding to the release of the harped and bottom prestressing
strands.

Figure 7.6: Stacked P wave part of ultrasonic signals in the stress direction.
The relative wave velocity changes were calculated using DPWI, and an example of
stretching two ultrasonic signals was shown in Figure 4.1. The velocity changes in two
directions are shown in Figure 7.7(a), with the blue curve representing measurements
in the prestressing direction. The harped strands were released one by one during
the 40-152 seconds period, which caused step-wise velocity increases, as seen in the
inset of Figure 7.7(b). The bottom strands were released slowly in 940-1335 seconds,
which gave a smooth velocity increase. The total relative P wave velocity change in
the prestressing direction was about 3% when prestress release finished.
During the time gap between the release of the harped and bottom strands (152940 seconds) and after prestressing release finished (> 1335 seconds), the velocities in
both directions still showed a slight increase with time. However, stress was constant
during that period. This slight velocity increase was caused by the temperature effect
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Figure 7.7: Relative velocity change monitored during the prestress release process
on the 40-m long bridge girder, before and after temperature correction. Blue lines
represent the result in the prestressed direction, and the red lines are from the transverse direction. The inset in (b) shows more details in cutting the harped strands.
An example of DPWI analysis on the signals at [tP , 1.5tP ] can be seen in Figure 4.1.
when the concrete girder was exposed to cold ambient temperature after the cover was
removed [37]. The temperature effect was presented in the entire prestress-releasing
process. A recent study by the authors [71] indicates that the effects of temperature changes and mechanical stress on the ultrasonic wave velocity are independent.
Therefore, it might be possible to correct the temperature effect by subtracting the
temperature-induced velocity change during a constant stress period. It is reasonable
to assume the temperature change rate (vs. time) was relatively constant during the
30-minute monitoring period. To make the temperature correction, the relative velocity change rate in the constant stress period (t >1335 seconds) was first calculated
as 1.5 × 10−6 /sec. Then this slope was subtracted from the curves in Figure 7.7(a) to
obtain the relative velocity change after temperature correction (Figure 7.7(b)). After
this correction, the curves become flat after t >1335 seconds and during the time gap
(152-940 seconds), except for a small bump circled in Figure 7.7(a). This bump was
caused by adjusting the hydraulic pump before releasing the bottom strands.
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Similar to the small beam test in the laboratory, the relative velocity changes in
the longitudinal and transverse directions show opposite signs in Figure 7.7(b). The
velocity in the transverse direction decreased by -0.275% during the release process
after temperature correction. The inset in Figure 7.7(b) shows details during the
harped strands cutting (40-152 seconds), where the dV /V curve recorded the stepwise process when the harped strands were cut one by one. Each strand cut caused
about 0.1% velocity change. These results demonstrate the high sensitivity of the
ultrasonic test and DPWI analysis and its potential application for stress monitoring
during the prestressing release process.

7.5.3

Stress and strain measurements

The total strain measured by the DEMEC was -0.083% in the entire prestress release process. With total velocity change by 3%, the AEC by strain is calculated as
3.61 × 10−5 /µε. In order to calculate the AEC by stress, the modulus of elasticity
of concrete is needed to calculate the stress change during the prestressing release.
The modulus of elasticity of concrete can be estimated using the following empirical
formula adopted by AASHTO LRFD [113]:

p
Ec = wc1.5 0.043 fc′ (in MPa)

where

wc = unit weight of concrete (kg/m3 )
′

fc = concrete compressive strength (MPa)

(7.3)
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With the unit weight of concrete 2323 kg/m3 , and the compressive strength of 52
MPa, the stress calculated from strain measurement is 28.8 MPa. This value is
close to the stress 29.6 MPa calculated based on AASHTO LRFD Bridge Design
Specifications [113]. Using the measured stress and relative velocity change, the
AECs were calculated as α11 = 0.104 %/MPa in the stress direction, and α22 = -0.01
%/MPa in the transverse direction.

7.6

Conclusion

In this study, the acoustoelastic effects in concrete were experimentally investigated
using ultrasonic tests on small-scale specimens and a full-size prestressed concrete
bridge girder. Accurate wave velocity measurements are needed to calculate acoustoelastic coefficients and estimate stress change in concrete. Although CWI analysis
is highly sensitive to small relative wave velocity changes in concrete, the coda wave
is unsuitable for measuring acoustoelastic coefficients. This study showed that the
results from CWI analysis are strongly affected by the time window position in signals. Therefore, the DPWI analysis was proposed to use the direct P-wave signal in
the time range of [tP , 1.5tP ] for P wave velocity analysis, and consistent results were
obtained.
It should be noted that the AECs measured from different tests may not be directly
compared because they are affected by the dimensions and geometries of specimens,
boundary conditions, and concrete mixture. In both the small beam and big girder
tests, the wave velocity increases with the compressive stress along the stress direction.
It shows the highest sensitivity to stress change. Due to Poisson’s effect, the velocity
decreases with stress in the transverse direction (stress-free). However, in the concrete
cylinder test, the velocity in the transverse direction increased with compression stress
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owing to the end friction confinement effect.
The proposed ultrasonic method DPWI was applied on a 40-m long prestressed
concrete girder. The proposed ultrasonic test and analysis method monitored the entire prestress release process. The results showed each harped strand’s stress release
process and prestressed contribution. The measured acoustoelastic was 0.104%/MPa
in the prestressed concrete girder in the stress direction. This study shows the feasibility of using ultrasonic waves for prestressing release monitoring.
When using the acoustoelastic effect for stress evaluation, a reference condition
with a known stress state is needed, which is usually not available for existing structures. A potential solution is to use the wave propagating in the stress-free direction as
a reference and then measure the velocity difference between waves in the stressed and
stress-free directions. The curves presented in Figure 7.2 and Figure 7.7 show apparent differences along two directions, with AEC difference of 0.1%/MPa ∼ 0.15%/MPa.
Because the velocities are simultaneously measured on the same specimen, the effects
of temperature and concrete material variations can be minimized.
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Chapter 8

CONCLUSIONS AND FUTURE WORK

8.1

Research summary and conclusions

This dissertation presents the theory and experimental validation of mechanically and
thermally induced acoustoelasticity in materials. The theory presents insight into the
effects of mechanical and thermal strains on the propagation of ultrasonic waves in a
material. It was shown that the mechanical and thermal strains have different effects
on the change of ultrasonic velocity in the medium and that wave velocity changes
are more sensitive to the thermal strain.
In this dissertation, Chapter 1 introduces nonlinear behaviors in materials and
reviews existing nonlinear acoustic techniques. The existing nonlinear techniques
have difficulty measuring absolute nonlinear parameters or being applied to largesize specimens. The thermal modulation method, recently proposed by Sun and
Zhu [9, 37, 38], has proven to be a simple, easy-to-operate method and is capable of
measuring absolute nonlinear coefficients and applying to large-sized specimens. Since
the thermal modulation method uses thermal strain instead of mechanical strain in
other methods to excite the material nonlinearity, a modified acoustoelastic theory is
needed to explain the thermally induced acoustic nonlinearity.
Chapters 2 and 3 review the classical acoustoelastic theory and extend this theory
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to include thermal strains. From the theoretical analysis, both the mechanical strain
and the thermal strain affect the ultrasonic velocity, and the wave velocity change
caused by the thermal strain is greater than that caused by the mechanical strain.
Their difference can be seen in Eqs. (3.29) and (2.70), and their comparison is shown
on Page 42. According to the equations presented in Chapters 2 and 3, the thirdorder elastic constants can be determined using both mechanical tests (uniaxial or
hydrostatic tests) and thermal modulation tests. In Chapters 2 and 3, the mechanically and thermally induced acoustoelastic theory is presented in both natural and
initial frames of reference. Many studies present the equations of acoustoelasticity in
the initial frames of reference, and the relative wave velocity change dV /V needs to
be corrected, as shown in Eq. (7) in Egle and Bray’s study [48]. This dissertation
presents the equations of acoustoelasticity in both natural and initial frames of reference, so readers can compare the differences in the equations in the two systems and
apply them accordingly.
Chapter 4 introduces the stretching method for evaluating small wave velocity
changes in concrete. The time window effects of the stretching method are discussed.
Applying the stretching method to the P wave part and the S wave part can obtain
the variation of the P wave velocity and the S wave velocity in the experiment. It
is found that the P wave and S wave show different sensitivities to changes in the
material. An ultrasonic coda wave, the tail part of a wave signal, has a high sensitivity
to minor changes in material because it is scattered and reflected multiple times in
a medium. In experiments, dV /V calculated using coda wave is close to that using
the S wave part, which is consistent with the conclusions given by Weaver [83], and
Snieder [64] that the S wave energy dominates the diffuse wave. Besides concrete,
the stretching technique can also be applied to homogeneous materials like metals to
improve the accuracy and resolution in calculating dV /V in experiments.
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Chapters 5 and 6 present the experimental validation for the theory presented
in Chapters 2 and 3. Validation experiments were performed on different materials,
including aluminum, glass, and concrete. The results show that the nonlinear parameters obtained from the mechanical and thermal modulation experiments agree,
validating the theory.
Chapter 7 applies the acoustoelastic effect to stress evaluation. The proposed
ultrasonic method, direct P wave interferometry (DPWI), was applied on a 40-m
long prestressed concrete girder. The proposed ultrasonic test and analysis method
monitored the entire prestress release process. The results clearly showed the stress
release process and prestress contribution from each harped strand.
According to the theoretical analysis and experiments in this dissertation, both
mechanically and thermally induced acoustoelasticity can be used to determine thirdorder elastic constants in a material, which has been validated in this study. Based
on the theory and experimental validation presented earlier, the classical nonlinear
phenomena and parameters in the thermal modulation method can be well explained.
Experimentally, compared to the uniaxial or hydrostatic tests, the experimental setup
of the thermal modulation test is much simpler and can easily produce large and
uniform strains in elastic media. In addition, as shown in this study, thermally
induced wave velocity changes are larger than mechanical strain-induced velocity
changes so that the velocity changes can be measured with less error. The thermal
modulation method is naturally immune from the thermal effect since the temperature
variation is no longer an undesired influencing factor in tests.
Due to its simplicity and convenience, the thermal modulation method can be
applied to many materials and larger specimens to measure absolute nonlinear parameters. These absolute nonlinear coefficients are related to the third-order elastic coefficients l, m, and n. Like the commonly used nonlinear parameter β =
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−3 − (2l + 4m)/(λ + 2µ) [5], the temperature-induced changes in the relative wave
velocity of the P wave or S wave can be expressed as the ratio of the third-order elastic
coefficient to the second-order elastic coefficient, as shown in Eq. (3.29). These parameters in Eq. (3.29) can indicate material nonlinearity or micro-damage. As shown
in Chapter 6, the thermal modulation method can be used to extract the acoustoelastic coefficient by using the temperature-induced difference in the wave velocity
changes of the P wave and S wave. Once the acoustoelastic coefficient in the material
is obtained, the stress in the material can be calculated from the change in ultrasonic
velocity, as described in Chapter 7.
In conclusion, this dissertation provides a theoretical explanation of thermally
induced acoustoelasticity and the thermal modulation method, validates the thermally induced acoustoelasticity in experiments, and demonstrates the practical and
potential applications of the thermal modulation method.

8.2

Future work

Besides the theoretical analyses and experimental studies of the thermal modulation
method in this study, future works are proposed to investigate the nonlinear properties
in materials further.
1. A third relationship for determining the third-order elastic constants.
As shown in Eq. (3.29), only two independent relationships can be obtained
from the thermal modulation test due to the uniform temperature change in
the isotropic material. However, a third independent relationship is required to
get the values of the third-order nonlinear constants l, m, and n. One possible
solution is to use the temperature-induced Rayleigh wave velocity change to
obtain a third independent relationship. Recently, our team has developed the
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theory for the thermo-acoustoelastic effect of Rayleigh wave and validated this
theory on the same aluminum used in 5.3. The aluminum block’s third-order
nonlinear constants l, m, and n are successfully extracted using the thermally
induced wave velocity changes of P, S, and Rayleigh waves. The values agree
with the results from the uniaxial test in Table 5.1 [114].
2. Hysteresis and higher-order classical nonlinearity. As shown in Figure 1.2 and Eq. (1.2) E(ε, ε̇) = E0 {1 − βε − δε2 − α[∆ε + ε(t) sign(ε̇)] + · · · },
higher-order classical nonlinearity (δ) and non-classical hysteresis (α) exist in
the material. These nonlinear phenomena also exist under the action of thermal
strain [9]. This dissertation only explains the classical first-order nonlinear phenomenon, i.e., β in Eq. (1.2), under temperature strain travel through theory
and experiment. Therefore, further theoretical analyses and experimental studies are needed to fully explain the nonlinear phenomena in materials in thermal
modulation tests.
3. Sensitivity of thermal modulation method to microcracks. Although
the thermal modulation method can be used to measure nonlinear coefficients to
assess the degree of damage to the test material, its sensitivity to micro-damage
remains to be studied. The second-order harmonic (SHG) method in Section
1.3.2 utilizes the amplitude change of the second-order harmonic to evaluate
the micro-damage of materials and achieves high sensitivity. On the other
hand, the thermal modulation method uses the change of wave velocity with
temperature to assess material damage, which does not have the same sensitivity
to microcracks as the SHG method. Therefore, comparing these two nonlinear
techniques is needed to study the sensitivity of the thermal modulation method
to microcracks.
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4. Thermal modulation method in evaluating prestress in a material. In
Chapter 6, the thermal modulation method has been demonstrated to obtain
the acoustoelastic coefficient, which can be used to evaluate the applied stress
in the material. However, theoretical analysis and experimental validation of
thermal modulation method to measure unknown prestress in materials is still
lacking.
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